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gfe-1
TRl fewRreeE

(Partial Differentiation)

fawg fAre=it (Course Outcome):

CO1: 3HTPHH g Hrefiuarardt ureia fEwmRuer= GeedHr armR.

Ued fsa=it (Theory Learning outcome):

1. o SHTeR, ot it anfor firfdra sif= ursfar St dies Fre.

2. BHINHEY harmaTdt gord AR JATid B,

3. ThaRedl HIRTHH ST e g Hrel.

4. Toren YR Hee wamaRar AR S foaiedT e S sRciedT hare Hiaad T fifmy
T e,

1.1 afe=g (Introduction)
Tzie sRETE ] ?ﬁﬂ §@IIT'|T (Artificial Intelligence) (T 3113 SATIOT A=A BT (Machine Learing) (TH T®)
T goHd ST Jofad, faRiva: ¢ aisens dfsde fede SHiPUeRM IRE PU™RRA Il
Rreuare ufddd BINY Rreqaer (Neural System) b PISIHERH hHYcX e (Computer Vision) o
Hadq sfor Sg ST (Deep Leaming),u\ﬁw (Probability) 30T wikegwta dige (Statistical Models),
RICR AbHaaeT Ja (Support Vector Mechanics), Prrar] hRFATH MPHRIHRA (optimization in
convex function), SO ACHS MHIATAD AL HTg! THT (BT d SATHM) SHATOT SIS . U § HTTZdH
3{Tg 1 U3 AT THuo = faenaier uRie SR fcagere Hoyd caRe Sl UrRie sRefcgerg iUl
WY HRYAT 3O AT 3T,
1.2 Urzf® Rede (Partial derivative) :
1.2.1 YYH TS W@ﬁ%ﬂ%’ (Partial derivative of first order).
Definition: SR f(x,y) T x 3y - W IRTTS o Ha=F(function ) &m?ﬂ?'? xR.

> A(x, y)%uﬁhéﬁ%eﬁc—éﬁuﬁ@%g X,y @R%UH%IW{ —x or fx ﬁﬂﬁ%m&mﬁ[

AT ST S £ S ST x 3 ard! (fhdl 3T £ 910 T x 3! arFa) .

2~ lim [ DTED] G A x Tl TEH UG IR

ax Ax—>0

> f(x, y) 3 TRI® SREdE Ry fdffee T y , x RRBUE IS , a—f or f, G &I o 3nfor
ITST SATYUT ST £ 919 36T y 3 aradl (fha1 S f améﬁsy&@ﬁ?ﬁ?ﬁ)

of f(xy+Ay) fxy)
= Ay_)o[ ] SY Ay gl y A GEH dIe 3T .

o smﬁr% wuw&névuﬁb%ﬁ%ﬁaﬁmﬂm .

ox
1.2.2 UIRI® %ﬁ%ﬁ%ﬁlﬁ g% (Rules of partial derivatives) SR u 30l v GEAR]
BRTTGTD HhhH A NS T
a9 1: urzfe %ﬁ%ﬁc—s 3T g fohar fSWBIT: (Derivative of sum / difference)

—(u+v) = —+— \’rﬂﬁ[—(u+v) = Qg o

dox — 0x dy — 0dy

Maharashtra State Board of Technical Education 1
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faw 2: urRfe @ﬁ@ﬁc_({ 3P UTSae: (Derivative of product)

7] v u a v ou
a(uXU) = U—+v— 3for 5(u><v) = u£+v@

raw 3: urRfe siv@fes ST Hiie: (Derivative of Quotient)

du ov Ju ov
8 (u\ _ Var Yax a (uw\ _ Yoy Yoy
w() = = e 20) =
i SRIfees Frearr smuurRy Heft weft 99 $& JeaT aTuRTaT ST,
Rie %ﬁ%ﬁﬁﬁ PICUIATS! GTURS SITUMR ﬁ%: (Formula of partial derivatives:)

L=(k)=0 ;—y(k)zo

2.~ (f(») =0 Y f(y ) 7L x GHATAY AT
;—y(f(x))zo A f(x ) HLD y GATAY e}
= (ku) = k == , ;—y(ku)zkg—;‘

9 n _— n-19 9 n _ n-19
3 @M =nlfent L M St =nf ot

a( 1 -1 of a( 1 -1 of
4. — = = 3{for — = L

dx (f(x,y)) (f(x,y))z dx dy (f(x,y)) (f(xO’))z oy
8 _(Vf( )= zm o il _(Vf( 7)) = zm 5 o

9 - or afer 2 - or
7 9 of@y) — of ey o it Lef@y) = of ey

dx ox ay dy

L af@xy) = gf(xy) of L@y = of(xy) of
8. axa a loga P 3{for aya a loga 3y

9. Zsin(f(x,y)) = cos(f(x,)) L s Zsin(f(x,9)) = cos(f (x,)) 2

10. :_xCOS(f(x,y)) = —Sin(f(x.y))g—ﬁ &rrfﬁr:—ycos(f(x,y)) = —sin(f(x,y)) Z_i

1. s-tan(f(x,2)) = sec?(f(x,y)5L M Ztan(f(x,7)) = sec?(f(x,)) 3L

12, eot(f (7)) = —cosec®(fGu ) 3L M Teot(f(x,)) = —cosec* (£ x 1)) 3

13. Zsec(f(x,y)) = secf(x,y) tanf (x,y) 5 M Zsec(f(x,y)) = secf (x,y) .tanf (x,y) 2

14. %cosec(f(X, y)) = — cosec f(x,y) cotf (x, y)g_i

3 UBTR 30T S5 ﬁjﬁﬁﬁ?ﬁ% (Inverse trigonometry) uRie sReds (parial derivatives) CAHEWIRIE]
T4 3 fog Tl

Maharashtra State Board of Technical Education 2
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IR0 (B 3iTex urafo SRER):

Examples (First order partial derivatives)
FEAERV 1SR f(xy)= xyPexy+xd  wer: oL
IwWR: faad f(x,y) = xy*+xy + x>

1
SRl | t=io fay dfdem T x |, Wy SRR IT0 316
(Differentiating 1 partially w.r.t. x , by taking y as constant )

of
ax

Zi(xy2+xy+xz)

=—xy 5 Xy+—x -——- W@ﬁ%’%@&ﬁww
=y? a—x+y—x +—x

=y2(1) +y(1). +2X

.o
" oax

37T, FewmRiRmEfeT 1 urzfel fay Sfdes g vy, 30 x o1 RR 390 8.

(Now, differentiating 1 partially w.r.t. y, by taking x as a constant.)
9 _ ( xy? + xy + x% )

ay
=—xy +35 Xy+—x --- W%ﬁ%ﬁ?@'&ﬁtﬁw

= Xay + Xay +5X
=x.2y +x(1).4+o0

=y?+y+2x

. 9f _
- ay_2xy+x

SAEWN 2: TR A(x, y) = log(x> +y?) el 2L %

W A fix,y)= logx®+y>) e e
fEHRRMET | =it fay Jwfdes ¢ x, ﬁéyﬁ@ﬁ%ﬂ%eﬂ%

(Differentiating 1 partially w.r.t. x , by taking y as constant )

9 _98 2 4 32
i <3 Qog 4
X2 3 :
2+y2 ax( +y3) wadl 98 ( chine rule)
= L [8,249 2] Rl SRR 3ff
T x24y2 axx +6xy] ST JH

- 1
gy [2x + 0]

L of _ 2x
Toax T x2+y?

37T, femfRmfeT 1 uriel fiy ffdem T y , Y x SRR 390 9MMe.

(Now, differentiating 1 partially w.r.t. y , by taking x as a constant. )

of

L =2 (log(x? +y?)

Maharashtra State Board of Technical Education 3
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_( 24+92) - EERaNCIRERE ( Chain rule)

2+y2 ay

L[ixuiyz ------ e SRfe sl 7H

x2+y2 |9y ay

[0+ 2y]

- x2+y

Lo _ 2y
JaTE0T Tax x2+y?
3 SR A(x,y)= sin(x%y%) FYUT: £, 30T £y
JIW: GO0 f(x, y) = sin(xy’)  —mmmemmemmee
fEwRmfeT | urziet fay dfdes ¢ x, aﬁymﬁv%a@i&n%

(Differentiating 1 partially w.r.t. x , by taking y as constant

_ 9 _ 9 in(x3vS
fx = o axsm(xy)

= cos(x3y®) % (x3y®) o =ad 999 ( Chain rule)

= cos(CyS)yS = ()
= cos(x3y®) y® 3x?

cfo= L = 3x2yS cos(x3y®)

37elt, FewiRIufe 1 uridl fay fafdeg g v, Y x o1 RR 379 3ffe.

(Now, differentiating 1 partially w.r.t. y , by taking x as a constant. )

= 9 _ 9 Gin(x3yS
fy, = 3 aysm(xy)

= cos(x3y ) (x y®) o *aar | ( chine rule)

= cos(x’ ys)x 2 (v
= cos(x3y®) x3 5y*

L fy = % = 5x3y* cos(x3y®)

IREANITST IETeT0l ( Example for practice )

Q.1. Teh feded HhaRMES f(x,y), ST %or fi, % or fy

x* + x%y + 16y*

2
x4 etxy

o e

sinx, siny, sin(x>+ y*)
Q2 Ifp(ts) = t2+7st5 W X 2
Q3. Ifu(x,y) =e**¥* show that xg—z+ yg—z = 2.u.logu

Maharashtra State Board of Technical Education 4
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1.2.3 fgdig aifs< urzfe shafes : ( Second order partial derivative)

SRf(x, y) § x 301 y S WA RRUTS I T (function ) 3Med, TR L anfer j—; THE

3iTsy urRfo sRedies simed .

> SR 2L a1 g veer wRfe Shadie iy daffes ¢ x, y RR®UF IS ®6s!, &R e
o oiféRs e SRfee T . TR SRS e SRRRw & 2L gR &S o o
@] AU S Wh3R (square) f 0 S x WIR (square) 3 aradr (ﬁﬂ’[é@f@ﬂ%@x
W3R (square)Glﬁ_Eﬂ a'lﬂ?ﬁ)
o () e fercitar oiféva ur=fe SRefew

> R 3 Z—£ o1 I51 Uhal URIo SRadie fy dfdeg ¢ v, x RR %I 931 #eer ,

s i offRd fe Sfafee oTw N, g ofd T SRRfw & SL R

ST ATOT ATST YU S&1 Wh3R (square) f &1 S&T y W3R (square) 3R draal ( fhar 8@
W3R (square) T STy W3R (square) el ATl ).

2@l Rl oiféea wrafo SRk
e (ﬁ‘cﬂuan:c.‘?uﬁf?r%ﬁ%?ﬂ%')

Examples (Second Order partial derivatives)

2 2
SAEIN 1.4: R 1(x,y) =% +y*-3axy  Them: 5L anfdr g—y{
SW:  fd00 fix,y) = x> +y’-3axy = e 1

femRRmfeT | uziel foy Sfdeg gx , 30 y SRR 390 318 .

(Differentiating 1 partially w.r.t. X , by taking y as a constant )

9f _90 (.3 3 _
" ox (x> +y 3axy)
_0.3,0 3_ 0
_axx +6xy 6x3axy
= 3x2+40-3ay
2
of _ 2 _
Pl 3x 3ay

U1 Udhal FSTfRfe 2 uriel fay Sfdeg g x, Y y STRR 390 oM.

(again differentiating 2 partially w.r.t. x , by taking y as a constant)
’f _ of
ax?  ox (6x) (3x - Bay)

- i 2_0

= ax3x ax3ay

— 0.2 0

= ax3x axB(JLy

= 3% 2x — 3a(0)
- [ —— 3
a—/; = 6X

mmﬂiuﬁhﬁﬁqﬂ@mEy Y x BIRR 39S 3Te.

( Now, differentiating 1 partially w.r.t. y , by taking x as a constant.)

Maharashtra State Board of Technical Education 5
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( *+y3 —3axy)

X
_i 3,0 . 3_0
—ayx +ayy a3}3axy
= 0+ 3y?—3ax(1)
_____________ 4
. 9f _ 2 _
oy 3y“ —3ax

Ug1 UdheT FSwhRANEfeT 4 Uil fay dxifdes gy, AU x o1 RR 390 3T

(again differentiating 4 partially w.r.t. y, by taking x as constant)

*f _ of B
W - ady (ay) (3x 3ay)
5 2

= 5331 —53ax

_ 0,2 0
3y 3y 3y 3ax

= 3 x 2y —3a(0)
__________________ 5
62
_ 229 | 07
SRV 1.5: SR B(xy) = tan™ (¥), qr@ar 22 + % =0
SWw:  fddd g(xy) = tan™? (3—:) ________________ 1

femifRmfen | uidl foy fdfdem e x , AV y SRR 3T 3R .

(Differentiating 1 partially w.r.t. x , by taking y as constant)

WWW@%JW%&WE x, 3 yOIRR 399 3R .

(again differentiating 2 partially w.r.t. x , by taking y as constant)
%o a9 a ([ -y
ax?  ox (ax) ax (x2+y )
-7y [ax (x2+y )i

- l(x2+y2)a<1)— 1£(x2+y2)l

(x2+y2)*
B (2 +y2) 2D~ 1(2x?+y?)
-7y (x2+yz)2

Maharashtra State Board of Technical Education 6
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_ [(x2+y2)(0)— 1(2x+0)

(x2+y2)*
— -1(2x)
Y [(x2+y2)2]
%9 __ 2xy ;
0x? (x2+y2)2 ------------------

37T, FewmRiRmEfeT 1 uRid fay ddfdcs g v |, AU x BT RR 3T0 3118,

( Now, differentiating 1 partially w.r.t. y , by taking x as a constant. )
dy Ody (tan (x))
- 1 9y
N 1 +(x)2 ady (x)

1 19

= ; ——)

14%  x9y

1
T 2 ¢))

® _ _x
ay x2+y2
51 Uhal SRR 4 URIG! oy Jfdeg T v , AU x ©F FRRR 330 3118 .

(again differentiating 4 partially w.r.t. y , by taking x as constant )
%0 _ 9 (30) _ 3 ( x
G_yz - O_y(a) oy (x2+y2)

=

- X [dy (x2+y2)]

(2 +72) 35D 1532 +y?)
(x2+y2)° l
(2452350 1532 +5292)
_ (2+y2)° l
[(x%+y?%)(0)- 1(0+2y)]
(x2+y2)2
[ - 1(2y)
[(x2+y2)?

% _  -2xy

a2 (x2+yz)2
JHIHROT3 30T 5 o RS dead

ﬂ L) 2xy 2xy

+ — = — = O
ax? ay? (x2 +y2)2 (x2 _,_yz)z

=X

=X

02 2
.90 00
ax2 dy?

TRIGTETST ISTER0 ( Example for practice )
. 2 2
Q.1. el ferciea BaRrTarg! f(x, y), WL <L or fix % or fyy
1. 3x* +2x3y* + 4y7

Maharashtra State Board of Technical Education 7
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2. x%sin(4xy)

3. Sin(4x) cos(3y)

4. log(x%+y?)

1.2.4 fuf¥a siisz urzfo Shadis ( Mixed order partial derivatives )
SR (x, y) ¥ x 30T y 2 T SRU® A M (function ) 3Med, W 2L anfdy aa—; T
AT o SRIFdeg ama

> SR L =g U urie SRedie fau dfdem g v, x FRR WU U3 1601, @R Suedrel
it oifée Rl SR T . A ofided wrefo SR 3 2L R iR I onfr
ST U ST W3R (square) f T SaTy SoT x 3 araa! ( fhdl 8@ Wh3R (square) fTA SO y S&
X &@ﬁ?ﬂﬂ?ﬁ)

;—y(a—f)z oF foifEra sifeR urfo S dies

ox dy 0x
> SRS Z—’; AR Uhal URie SR die fay dfe® g x , y RR BUHA U H1o1, TR MUSITS]

il e el SRR o 8. R o<t Rfe RRRw 3 2L gR R o o
1G] 30T S& Wh3R (square) f ST ST x o y 3 qrdl ({hdl ST Whr3Rsquare) £ IS x SO

y 3rie! )
;_x("’_f)zﬁ ........ A3 SR urie Sheedls .

dy 0x dy

Result: G fAf3d 3iTs? uzie sRede A gdrd.

azf_ d%f
oxdy  dyox

IR0 (Fif3a 3ifdk ufe SRed)

Examples (Mixed order partial derivatives)

. a2 4 . O%u u
3aleX 0l 1.6: S u(x, Y) 3x7y MET: dydx axdy

SW: fdadux, y) =3y e 1
%qv—{%rqﬁmuﬁft«ﬁﬁuﬁﬁmgx Y yol FRR 390 31T

( leferentlatlng 1 partially w.r.t. X , by taking y as constant
ou _

E x2y4)
—3y (xz)
= 3y4(2x)
= 6xy*
a_u = 6xy* s 2

Wzﬁ%@rﬁ@%gy , % x BT FRR 370 38

(Difterentiating 2 partially w.r.t. y , by taking x as constant )

0%u o (du )
C 22 - 2 ey
dyox oy \9x ay

_ 0 4
—6xaxy
= 6x X 4y3

Maharashtra State Board of Technical Education 8
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?u
dyox

fEBRRAMTET 1 Uit foy JWfeg g v , 3 x TR T 3fTe.

( Now, differentiating 1 partially w.r.t. y , by taking x as a constant. )
du

= 24xy? | e 3

2.4
Fee (3 )

_ zi 4

=3x 377

=3x% x 4y3
Z—f—12x2y3 -------- 4

Wwﬁﬁuﬁ@%g x , Yy BT RR 390 3176,

( Now, differentiating 4 partially w.r.t. x , by taking y as a constant. )

Pu _ 0 () _ 9 2.3
dx0y - 6x(6y)-_ 6x(12x y )
- 390 .2
12y 5o X
= 12y3 x (2x)
----------- 5
62
“owy 24xy
_ 1w
3aleXl 1.7: SR w(x, y) = x siny +y sinx + xy ?ﬂm@?ﬂ ayax = vy
SW: fadd u(x,y)= xsiny + ysinx + xy = - 1

fEHRRNRET | TR faydwfdes € x , AV y &1 RR 370 318,

( Differentiating 1 partially w.r.t. x , by taking y as constant

ow

E——(xsmy + ysmx + xy )

™ smy + —ysmx + —Xy

smya—x +vy a_ sinx +y
=siny(1) + y (cosx) +y (1)
=siny + y (cosx) +y) -

femifRmfe 2 uaidl iy faffeg Ty |, AT x mi@?%ﬂ%e«n%‘

( Differentiating 2 partially w.r.t. y, by taking x as constant )

PE a (d 2 /.
st = 3 (3) = £ (siny() + y (cosx) +y (1)

C gyl 2
= 5y Sy + P (cosx) + a7
_ o 242
= aysmy+cosx 3y y +ayy
= cosy + cosx (1) + (1)

2%w

dydx

fEwRRITET | et foy dWfdes ¢ y , 3 x O1RR 3T 3.

( Now, differentiating 1 partially w.r.t. y , by taking x as a constant. )

= l+cosx+cosy = --—---- 3

d
a—v;——((xsmy + ysinx + xy))

d d d
= —xsin — ysinx — X
aySY+any +ay \Y

Maharashtra State Board of Technical Education 9



Hdfes vk w=ii= @ffm-314320 Mathematics for Machine Learning -314320

LN inxZ v +x2
= x5, siny + sinx >y +xayy
= xcosy+ sinx(1) + x(1)

Mo cosy + sinx + x -—--4

Rl 4 areieh R e ¢ x L A0y 1 R B o

( Now, differentiating 4 partially w.r.t. x , by taking y as a constant. )

2%w d (dw d .
oy 5(5) —a(xcosy + sinx+x )

a a . d
=X cosy +——sinx +—-x

= cosyaa—xx + :—x sinx + aa—xx
= cosy(1) + cosx + (1)

= ]+cosx +cosy

2%w

oxoy 1 + cosx + cosy  ------- 5
HHIBT 3 ST 5 U, SHeTel fHedd
Pw _ 2w
dxdy dydx

i.c. G A3 offeR urzfo Sfteedies T s,
IRTEARITST IGTev0l (Example for practice)

Q.1. T A GaRFE f(x, y), . M 2L or f 3T 2L or £y,

dyox dxady
1. X%y’ +xty
2. xcosy +ye*
B s cic A B
Q.2. SR u(x,y) = " tEo® © dydox  dxdy
_ 2,2 . 9%z _ 0%
Q3. WRz(xy) = log(x™+y), Rar@dl : == = —=-

1.3 ST HhaR ( Homogeneous function)
U&xd 1 (Approach1 )
GRM f(x, y) 8 n f$T S haRM 318 31 WU Ad, SR o WA Ay g SiTs, [revd.
ftx, ty) =t" f(x,y)
IGTERUT 1.8: WTeiTel HaRT gIAITSIT-ART 3MTe BT ATe! ¢ SXdl. SRR d grASI-1ad S, av e fS3t e,
f(x,y) =x*+ 2xy +y?
JW: fddd f(x,y) = X2+ 2xy+ y?
f(tx, ty) = (tx)% + 2(tx)(ty) + (ty)?
= t2x2% 4+ 2(tx)(ty) + t%y?
= t2[x? + 2xy + y?]
Sf(xty) = t2f(x,y)
f(x,y) § 2 S emfoay tasr ormg.
b) f(xy) = sin~! (g)
SW: fddd f(x,y) = sin? (%)

f(tx, ty) = sin”! (t—y)

tx
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= tO%sin~1 (%)
f(x,y) & 0 e ERiag e ae .
¢) f(x,y) = tan 1(x) + tan~1(y)
SW:  fadd f(xy) = tan 1(x) + tan"1(y)
f(tx,ty) = tan~1(tx) + tan~1(ty)
f(tx,ty) # t"f(xy)
f(x,y) & BIHINITY o et .
Y&d 2( Approach 2 )
BaRM f(x, y) 7 n f$i emfoifog e 3R 3 wurdr ad, SR d WeiauHm figd o Xed
flx,y) =x" £ or f(x,y) =y" £()

JEIGIUT 1.9 WTAild B SHAISHIY 318 &1 -ATg1 § 3dl. SR d 1A= e, dk ! fS3t =me.

3+ 3

fY) = 7

3+ 3

Sw: fad fxy) = T

f(xy) B 15 Emfioe tar g
Ukd 3 (Approach 3)
BaRM f(x, y) A n f$HR Ao e 3ig 3™ TeUrdrd, SR U cHAehd x 3fdr y = FAeriet a8s
A S0 TP 3T
TGN 1.10: WTeTd ha SIS 3 BT el § 33T, SR d SHHad 3rfid, aR - it 7t 2ner.
f(xy) =x*+ 3x%y +y?

SWR:  fadd f(x,y) =x>+ 3x%y+y’

=X+ 3x2yl 4y}

=X+ 3x2yl 4y}
Ud% cHAdT x mﬁrywﬁ%sam%ﬁéﬁm HT%

~ f(xy) ¢ 3TEUR gHIsay thewr ag .

1.4 mﬁ'{?ﬂﬂ (Euler’s theorem of function of two variables )

gerT RIGid : SR HaRM f(x, y) ® n f$UR ooy tave ofid @

of of _
xax+yay— nf

URTAT (Proof ): HaRM f(x, y) ® n f$UR SMfoio tavM 3R 3R Te0rar Ad, SR d Wehiavm figa e,
P,

f(x,y) =x" £(3) —mer I
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SR | =ict fay Sdfdem g x, AV y BT RR 370 3118 .

( Differentiating 1 partially w.r.t. x , by taking y as constant )
O _0 yng(¥
dx Ox X f (x)

CEEICCIIPG RIS
x L =x' [nx"f (2) - xm2yr ()]
L onay () ) z

fEwmREET | uRid foy dWfdeg gy , AW x FTTRR IS 3118 .

( Differentiating 1 partially w.r.t. y , by taking x as constant )
of @

= (2)

o TY5, —of U g 9t
ISTeR (gadT i)

Examples

IaTER0M 1.11: T BaRA fix, y) T oRdT Rigid RRET™T B .
fixy)= (x)% +4x?y +y3

N feod

fitx,ty) = x>+ 4x’y+ y> e 1
f(txty) = (tx)3 + 4(tx)2(ty) + (ty)3
= t3x3 4+ 4(t2x)ty + t3y3
= t3[x3 + 4x%y + y3]
~fxty)= £ (x,y)
f(x,y) 83 S gmfoiay travm o1,

Maharashtra State Board of Technical Education 12
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el RigT T8R xL vy =3¢

Y%
fx,y)= x3+4x%y +y3
SRl | u=ict fay Sdfdem g x , AW y SRR 390 348 .

(Differentiating 1 partially w.r.t. X , by taking y as constant )

of _
— = [x + 4x y+y]

aax +4 xy+ y

=3x2 +4y><(2x)+0
a—f =3x>+ 8xy e 3
quﬁkﬁﬁ?{ﬁ@%gy, Y x FTRR 390 3%,

(Differentiating 1 partially w.r.t. y , by taking x as constant )

9f _ 0.3 2 3
% ay[x + 4x°y + y°]

0.3 20 9 .3
ayx + 4x 3y y+ayy

=0 +4x2%(1) + 3y?

of  _ 4.2 2
3y 4x“ + 3y 4
Xa_;; +y3—§ = x[3x%+ 8xy] + y[4x? + 3y?]
= 3x3+ 8x%y+ 4x?y+ 3y3
= 3x3+ 12x%y+ 3y3
= 3(x3+ 4x%y+ y3)
of of  _
X Tye, = 3y o 5

THIHR0 1 3015 a4 gordn Rigid @Ner gl .
mwuzmu(x,y)—log(x ) Rg®a: 22 +y2 =1
[C5 L HH ﬁ@lﬁu(x,y) log( y) _______ 1

- (2)

Let z(x,y) = e* —(

2+y
x+y
_ @0?+@y)?
z(tx.ty) = Ttty
. t2x2+t2y2
 tx+ty
2 (x%+y?)
B tx+y)
_42-1 (x*+y?)
(x+y)
_ 1 (x*+y?)
B (x+y)
z(X,y) %1 %‘ﬁ%mw\?{@
Rl @I@IHIW

Maharashtra State Board of Technical Education
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i) 3]
z_+y z
dx dy
0z 0z
dx y ay
z=e%- e 3

g
femifAfe 3 ufal fay ddfdeg ¢ x,

(Differentiating 3 partially w.r.t. X,)

9z _ 0 rpu

ox ax[e ]
u ou

Y ax
fEwRRmfe 3 uziel oy ddfdeg Cy
(Differentiating 3 partially w.r.t.y, )

0z _ 0 y
oy ayle’]
9z _ y 0u

—_— e
dy ay

% sifor 22 g wfieRo 3 7 o

xe”Z—Zere“Z—l;:le“
] a

" e”[xﬁ+ ﬁ] =1e"
a a u
x£+ y% = IZ—u
du ou
ax T Ve T

TRIGTETS! ISTEX0l 1.4 ( Example for practice )
Q1 WA HaRM IHINIEN T8 &1 ATel § 3Ral. SR o IS 3Rd, R Tt fE3h e,
,oa fxy)= X437y 4y
b fixy) = sin~t (i—z)
Q2. e HaRM f(x, y) AL JoRkal Rigid TR®EA B,
f(x,y) =ax*>+2hxy +by?

— gin-1[EY . ou __ you
Q3 R u(x,y)= sin \/E+\/7] e 2 - 22

1.5 BRI HHTS 3T fFar= HSY (Maximum and minimum value of the function)
UG &I (Maximum value): HaRM f(x,y) 3 UM &1 x = a, y = b I SRdId SR &I 3Tg, SR ATd
(a,b) T BB "RES HKIQATd 3T W
flab) > f(a+hb+k)
fPH™ @9 (Minimum value): HaRM f(x,y) 3 WU B x = a, y = b IV HHId HH 3T 38, SR Iid
(a,b) T BB "eRES HKIQATd 3T W
flab) < f(a+hb+k)

(a1 HHTS HTTON fhHH Har haRId T Jod ¢ule WUMNd. SR fogaR (a, b) hRMATE HHG
ST f T H3d -0 R 1 fogal 4 Ulse 3R IUrdra.
o HRMH HATG (Maximum) TOT fHFAM (Minimum) &4 Tl SvarITdt wrivd 99 (Working

rule to test the maxima and minima of the function)

R f(x, y) [Co® R 3{®
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RUL M 2L ety ;’—;
Y II. HGREA HATG (Maximum) 30T fFHM (Minimum) J&T T3

U o anfor L=
ax ay

b e RR ﬁq@ﬁ@_&ﬂﬂ (stationary point on the curve)
U L MY r,s, 300 ¢

92 92 92 92
2L =2 L gy s= 2L fpar 2L

dx2 ’ dy? dx0y dydx

RUIV. r, t 30T s T RR fdg &a,
Case I: a) SR rt- s2 > 0 30T r < 0, W f(x,y) =1 T foigedT SR SR 3T 375 .
b) SR rt- 52 > 0 30T r> 0, T f(x,y) = AT fdgaT HHIG HH! 3T .
CaseIl: SR rt- s? <0, o HioqAT fdvar AT AT8T, TR ek fix,y) T fogar
Y83 Uisc TgUdNd.
Case I1I: SR rt- s? = 0 3G R YHRU YIARYE 3T AT I i® qUIRIoit
JTaRIHI 3G
IaTERUT (BaRTHTS HieRTHT ATFoT fAiem)
ISV 1.13: WO GO @1 BaR-d HHTS (Maxima) SATIOT fHHTT (Minima) &9 0.
f(x,y) = x3—y*- 3x
I 3o fx,y) = xX*—y* 3X ---mmmm- 1
Y I: SRl 1| tricl fay dfdeg g x , I y ST RR 390 o8

(Differentiating 1 partially w.r.t. x , by taking y as constant )

of _ 0 3 _ 2 _
0x 6x(x y 3x)
_ 0,3y_0 .2 _ o0
N ax(x) axy Saxx)
= 3x>-0 —3(1)
U _ 3x2-3 2

0x
TSR | TRid! fay ddfdeg € y, 3 x TTRR 390 36

(Differentiating 1 partially w.r.t.y, by taking x as constant)

of _ 0 3_ 2_
% ay(x y 3x)
_ 0,3y_0 2 o0
N ay(x) dy 36yx
= 0-2y-0
a—f=-2y ------------------- 3

oy
Y I1: BRI HHTE (Maximum) 0T fHFHA (Minimum) TeamaTal.
o —o anfor Lo
x dy
3x2=3 =0 31 - 2y=0
3(x3=1) =0 3ffor y=0
x2 =1 3fr y=0
=lorx=-1 3ffor y=0
(1,0) 3101 (-1, 0) B FRR fdg 3Mmed.
Y 111: e r,téﬂﬁ[ S
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SRl 2 =ict fay dfdem g x , I y BT RR 390 318 .

(Difterentiating 2 partially w.r.t. x , by taking y as constant )
N (VAN NN
 ox (ax) 0x? ox (3X 3)
=322
=3—(x%) —5-(3)
=3x2x—0
= 6x

%qw&qﬁmtrmf‘«ﬁﬁuﬁ@%g y, 3 x FIRR %a%aﬂ%.

(Difterentiating 3 partially w.r.t. y , by taking x as constant )
_ 0 (ar\9 _0
t= dy (6y) ayz oy (=2y)
- 29
= 25,0
=-2(1)
= -2

fEwRmfe 2 uziel fay dfdeg € vy, 30 x BTIRR %—d%ern%

(Differentiating 2 partially w.r.t. y , by taking x as constant )

_ O (N9 _ 9 (3.2 _
S = oy (ax) dyodx oy (3x 3)

=32G) -0
=3><(0)—0
0 6
wRUIV: RRIG r, tsmﬁT smz?r%—cﬂ
@Rﬁg(lmwﬁ.
r(1,0) = 6x=6(1) =6
t(1,0) = -2
s(1,0) =0
rt —s2= (6)(-2)-(02=-12 <0 30 r =6>0
rt—s2 <0 307 r >0
BT RIS HHTSG (Maxima) 30T fFHTT (Minima) TG4 ATRY. fdg (1, 0) 81 HS® Ulse 3MT8.

fRRfdg (-1,0) w3t
r(-1,00= 6x=6(-1)=-6
t(-1,0)=-2
s(-1,0) =0

rt —s?= (-6)(-2)-(0*=12>0 3Mf0l r =-6<0
rt—s2 >0 3 r <0
feoad e foig (1,0 ) T8 HUS (Maxima) I3 3Te.
x =-1 Wﬁ[yzomwlqﬁaw
ymax = (-1)* ~(0) -3(-1)
— 143 =2
WTWI%W (Maxima) Hag 2 3TB.
IATEI0T 1.14 WIA! fESTUT BaRMD HHIS (Maxima) ST FEATT (Minima) e 2eT
f(x,y) = x3+y3- 3axy
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SW: fAad fix, y) =x3+y*- 3axy  —oeeeeeeeeee 1
Y I: FSwmRRUT | u=id oy dwfdeg g x, AV y o1 RR 390 3118 .

(Differentiating 1 partially w.r.t. x , by taking y as constant )

9f _ 9 (43 443 _

™ ax(x +y 3axy)
_ 9,3y,0 3 9
B ax(x)-+6xy Sayaxx
= 3x>-0 — 3ay(1)

af

= 3x’-3ay 2

Wiuﬁﬁﬁuﬂmg y, 3 x O TRR 390 31

(Differentiating 1 partially w.r.t.y , by taking x as constant )

of _ 9 (.3 3 _
3y " (x°> +vy 3axy)
_ 9,3y ,0 3 _ 9
= ay(x)+ayy 3xaayy
= 0+3y? —3ax(1)
af — 3y’—3ax 3
WY II: quQHrm ST (Max1mum) 30T fh T (Minimum) GedrETa!
0emfor 2L
ay

3x2—3ay = 0 301 3y’—3ax =0
3(x2—ay) = 0 M1 3(y*—ax) =0
X’—ay = 0 30T y*—ax =0
X2= ay 301 y?= ax
2

X = -
a

x 94 x’=ay A &dl

= a

yt = a’y
y®—a®) =0
y=0 or y3= a3

y=0ory = a
S@l y=0, doT XZ% =0
~ Tfger fdg (0,0)
ST y =a x—%—a
o QI (a, ),
(0,0) 3TOT (a, a) B FRR foig sMmed.
WY I11: e r,tam:a[s
fSTRRIEfET 2 ur=fd) fau fdffeg ¢ x , 30 y o1 fRR 390 9Mme.

(Differentiating 2 partially w.r.t. x , by taking y as constant )
9? *f _ of )
r=——==— (—) =——(3x* = 3ay)

x2 0x
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—39 2y _3,9
=3 —(x%) =3a-()
=3%x2x—0

= 6x 4
fepefRmfe 3 urRiel iy faffeg ¢ v, I x FTRR 39 3R .

(Difterentiating 3 partially w.r.t. y , by taking x as constant )

_9 _ 9 (3f\ _0 (3.2 _
t= dy? N ay (6y) B ay (3}’ 3ax)

= by - 5
fEwRTefe 2 UrRid! oy Sefdes g v, I x STRR 39T oz .

(Differentiating 2 partially w.r.t. y , by taking x as constant)

S=£}—a];=;—y(3—£)= =:—y(3x2—3ay)
=35-(x%) —3az- ()
=0 —3a(1)
=-3a 6
@TIIV:@R% r, t 31 s G T
fRR fdg (0,0 ) 91t -

r(0,0) =6x=06(0)=0
t(0,0) =6Y=6(0)=0
s(0,0) = -3a
rt — s = (0)(0)-(-3a)> =-9a2 <0 3M0T r =0
rt—s? <0 31 r =0
m THRIGT HHTS (Maximum) 3{Tfor fob = (Minimum) H&Y T8,
féig (0, 0) 71 ¥ew Uie e
@Rﬁg (a,a) HT3T:
r(a,a)=6x =6(a) = 6a
t (a,a) =06y =6(a) =6a
s(a,a)=-3a
rt — s2 = (6a) (6a) - (-3a)?
rt —s?=27a> >0
rt—s2=>0 30l r >0
WTWI%%@{ (a ,a) 913 fbHM (Minimum) Hog 3B,
x=a3‘|'|ﬁfy=a THIHR0T 3aT | A SaT
Ymin = (2)*+ (a)’ -3a(a)(a)

=2a3-3a3
3

=-a
O

feoadl haRTd fhdM (Minimum) J&T -a° 3178 .

TRIGTETST IGTEXor (Example for practice)

Q1 WISt S TUT HaRd FHTG (Maximum) STOT fFHT (Minimum) & Z0e.
1) B(x,y) = x>-y* -2x -6y +14
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2)f(x,y)=y>-x*

3) f( x, y ) = x*+3xy? -3x2-3y* +4
1.6 BT fAuffea ﬂm Y&d (Lagrange’s method of undetermined multipliers):
feo®ar haRd HHG (Maximum) 30T fHFHAM (Minimum) Jod NYTaRITe! SR Auiid Aadord!
UGd dTIRO! SIS 2ahdl.
HRM F(x, y) § x M1 y Ao <F IRUeTod HarM o, RRTIag x ol y & RITH 0 (x, y) R
SISGS 3ed .
srive Fuifvd TodwrRi Ugd aTuRs+ waR=aT HHTS (Maximum) 3T fFAM (Minimum) J&4
Tl SuarETdl HRiRG fraw:

(Working rule to test maximum value using Lagrange’s method)
RUL: TYH SIS HRM TR I

F(x,y,M)=1f(xy) +A O0(x,y)  ------mmmm- 1
RUI: fsmifRmfdn 1 u=iel foy Sdfdes g x, y ofor &

( Differentiating 1 partially with respective to x , y and A )

oF oF OF
MY = oy 3T =

ox

WY [1I: R HHG (maxima) 3TfoT fapmm (minima) 13}

oF =0,Z—§=0 20, SoeaTeT x STy T fresdlio

0x
SUGITAT deh Ro RR ﬁ@ﬁl&?ﬂﬁ (stationary point on the curve)
Y 1V: RR &g BRMA f (x, y), A 341, USTTST BRI HHS (Maxima) ATOT fbAM
(Minima) &9 A3 dl®.
3aleXUl (Examples) (Lagrange’s method of undetermined multipliers):
ISIEM 1.15: oo Fuffva rediwrd:h gy are @rdl Resar varM f (x, y),
¥ HHTS (Maximum) AT fHFHA (Minimum) &4 20T,
f(x,y) = x*+y?, ROSBRE x+y =10 a1 e Jf g .
O, y) =x+y= 10
3R fxy) =x*+y* e 1
&m¢(x,y)=x+y—10 ........ )
VYL TYH U0 HRM TR H&
F(x,y,M)= f(x,y) +1 @(x,y)
FX,y,A)=x*+y*+A [x+y—10] - 3
WU SN 3 uRie! ffy dfdeg T x, 3 y ST A &1 RR 390 91T%.

( Differentiating 3 partially w.r.t. x by takinf y and A constant )

Z—i =i(x2+y2)+ Xi(x+y—10)
3 ) 2 2 2
—5e () +5:07) + (5,00 + 5oy - 5:10)
—2x +0 + k(1+0 0)
oF

——2x+K -------- 4

%W%mr%muﬁf?ﬁﬁuﬁ@%g y, A x 30T AT FRR 39 3T,

(Differentiating 3 partlally w.rt. y, by taking x and A constant)

Z; = (x +y2) + K—(x+y—10)
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_0 (. 2y, 0 (2 9 8.,_9
_6y(x)+8x(y)+ k(ay(x)-l_ayy Bylo)
=0 2y + M0+ 1—0)

oF
e N 5

fEwRRmfe 3 uziol fauy dfdeg ¢ A, T x 30Ty BT RR 3a0 318

( Differentiating 3 partially w.r.t. A , by taking x and y constant)
OF _ 9 (42 4 42 9 _
m ax(x +y9) + %ax(x+y 10)
] a d
=a(x2) + a(yz) + —A(x +y—10)
=0+0+xty-10
oF

. :X+y-10 ---------- 6
WU R HHG (maxima) 3{Tfor fob = (minima) Hmmﬁ :
OF _o O _o O _,
ax > dy Can
2x + A = 0 e 7
2y + A = 0 e 8
M x + y = 10 cmemmoeemoees 9
iAo 7, 8 MU 9 Heq
THBRU 7 T x=—=
iR § T y=—>=
x MUy, 4 G0 GHIDHRU 9 L 335
x +y =10
A
-25 =10
2
A o=-10
A d AR x SNy, Y 3%
—-10
S
__ -0 _
—3 -
(5,5) fRR g,

RUIV: x=53MIy=53930 | A S
fx,y) =(5)+(5)

=25+25

=50
feoad R f(x,y) @ HHTS (Maxima) &I 50 3.
ISV 1.16 Srivie FYURa AodwrR Tgd auesd et aar vaRM f (x, y), I PHG
(Maximum) 3fTfOT fFH™ (Minimum) &4 Y. f(x,y) = xy , Go® oM §+§= 1 a1 3rdten
i 3me
3R fxy) =xy - 1
3for (D(x,y)=§+y;=1 ------------ 2
WY I: YYH SIS IR dIR B
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F(x,y,M)=fxy) +A @(x,y)
_ xZ yZ
F(x,y,M)=xy +A [? +5 - 1]

WY II: fSHRNRET 3 =i fay dwfdem g x, Iy 301 AT RR 390 378,

(Differentiating 3 partially w.r.t. x by takinf yand A constant)

Z_i__( )+ Ao (8+y72_1)
s (AR a2

=y() + 2(Z+0-0)

5} Ao 4

dx 4
SR 3 uridt fay Safdeg g y, AU x 3NN AaT RR 390 3iTe.
(Differentiating 3 partiallywrt y by taking x and A constant)
OF _ 3 y:
=+ (S + 5 -1)
0 x? a2 y? )
gy ’“(ay s tays oy l)
=x()+ 1(0+2Z-0)

Z—F—x+ky ---------- 5

fEwRmfe 3 uriol fauy ddfdeg € A, T x 30Ty FTRR 390 3R,

(Differentiating 3 partially w.r.t. A , by taking x and y constant)
aF _ 0 a ., (x* | ¥?
(xy)+ a)\,(—ﬁ'?—l)

a8
thaRT<T HHTO (maximum) 30T fH T (minimum) ST AT .

oF  _
P O’a =0 =0

XY III:

W7,8&T§f9¥ﬁ’5§.
e 7 T 2 =
4y +r1x =0
p= =2

A %Wﬂwgmﬁr%@
X+ (ﬂ)yZO

21

Maharashtra State Board of Technical Education



HdHfeem wik aefiq @ 1-314320

Mathematics for Machine Learning -314320

x2= 4y 10
x2 d g5 GHIOR0 9 T 33 ..
4y Y _
8 2
2 2
AN A
2 2
2
22X =1
2
yi=1
y= 1
y = +1 &g IHHR0 10 99 33
x? = 4(+1)?
x?2= 4
X = 12

2, 1), (-2, 1), (2,-1) 307 (-2,-1) FRR foig 31Te.
Step IV: ﬂé@ﬁﬁ@ﬂm | AL 3.
f2,1) = 2(1) =2
f(-2,1) =(-2)(1)==2
f2,-1) = 2)(-1)=-2
f(-2,-1) = (-2)(-1) =2

HRM f (x, y), 3 HHO (Maximum) G@T 2 3R A1 AN (Minimum) 3T -2 38,

RGNS IEIEXT: (Example for practice)

1. erioR fRuiika HadierRi ugd arRe Qe fidear M f (x, y), d HHG (Maximum) 0T fEaM
(Minimum) &AM, f(x, y) = xy RESHRM =+ L= 1 a1 o o oe:
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gfe-2
Heud

(Matrices)

faug o=t (Course Outcome):

CO1: IRATAD ST TR FSquaITS! HicaRTd HdheuT AL .

Ued fsa=it (Learning Theory Outcome):

fﬁ%}ﬁﬁﬂ A Bid (Echelon form) 3T A wrH (Normal form) T TR B

. Ufedet E’Rq'q?\lﬁ-‘ﬂ:l@ﬁ ﬁﬁaﬂﬂT EEent (Matrix inverse) e,

3{TEX 2 MO 3 o fEeRMAT (Determinent) AT Wi T ¥&(Rank) HTeT.

31X 2 30T 3 =1 TR BIHHE U B} e HICHT=T ¥ (Rank) HTaL

ISR 2 30T 3 =T FiHS WIHA HieH HH! B HicaTH X (Rank) PTa.

T T X dT ATUR B [A-3R FHRA A gHIST-IY YUTelTe FETadT qur.

TSR IH a1 AR He [AMHSR FehRT GIHITOI-EN YUITetre JITdm (Consistency) TUTHI.

8. ToII3R Sev== A IAINITY YUlTeid TR Qe

9. TSR SR SIASITIY FurTcid AR =M.

10. 3R 2 = feaiean AieaaTdl ST gt S S aes e,

tI'ﬁ?ﬂ?[(lntroduction):

FHET FSHaT (Usm) for wRiF af T (@Hee) 7 dfieaq gayd YA sorad. d Serd ufafAfia sfor
BT vaTTe!, Wi 3T GRUTE e Alsd AdY HRUINITST HISAT YHIUIT ATURd SITdTd. S gRaaHd
AR ST HICa SR I IS, T TN STHE HINIdR IRW IRad- aRifdd. BIRas 31Ul shae
UIOAIRM, <R oidol TR, ST gTdiesull, -gRd Hedd 3101 SR HIel. Hicd § U 30T Ser ufafAfa
o, fafde SFURINT S1foT SreTiNeHHeE S DA HUM 3MTed.

2.1 fﬂém UHRIAT SATETar SATIoT ﬁ@ﬁﬂ dSRTOT: (Review of types of matrices and algebra of
matrices)

¢ 8 m x n BRI gchidl m STSHT ST (Udklh) 0N n IT INT (FH) ST b ATRIT 3HTg, St
A BIFDHHD ¢ Bad 3. o JMMRIG: HiaT 3R A, B, C 3AEH A S, 38X m x n
AT HieaHT WTad YR fafgar ST,

N U AW~

dyp  ap a3 ... djj.-- ap
doq aoo ap3... dgj... axn

dm1  dj2 ajz... djj..- ain
dn1  dm2  ams Amj dmn
i.e. A= [aj]mxn i =Row index
2.1.1 Hieadad UK (Types of matrices):
1) Ui HIRT (Row Matrix) : ST HICRIHE Thad Uehd Udkl(row) 3RTd, 1A Udkd! HIceRT (Row Matrix)
318 UL
Jareuny: A= [38]:.. B= [3 2]1><2 C:[O -3 2]1><3
2) &Y HEH (Column Matrix): a1 HicrHe Thdd Thd WY 3RA!, AT WY HICa (Column Matrix)
3 U
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LATRIE A=[7] B = m C= E

3. WeR ﬁ@?\‘[ (Square Matrix): 1 ﬁﬁaﬂm@rqa?ﬂm (rows) M IUESEIE]] (columns) IHAT A C‘Hﬂﬁ
T Wh 3R HICH (Square Matrix) 3 TUIIG.

1 -2 3
RERLINE A= [S ﬂ B:[;‘r _11 é]

4. ST ﬁ@?\‘l (Diagonal matrix): 7 EIEARI] ﬁﬁjﬂlﬁ‘iﬁ T4 A-3TURYSA(Non Diagonal) Ycdh R
ST, TN SIS HICa (Diagonal Matrix) 3 UTdTd.
JaTeRuny:

0 O
Principle diagonal or
leading diagonal
0 0

5. WY ﬁﬁ?\q (Scalar matrix): ST 3TYRIS (Diagonal Matrix ) e T4 YRS gedhs A
3T, el ThaR HICH (Scalar Matrix) 31 TeUIAId. IhaR HicH JMFI: K I &R RIS

200
JaTgRuny: K= {0 2 o]
0 0 2J3"3
6. e Hieqw fdhar smasfedt d#ied (Unit matrix or Identity matrix): Th ¥hHeR HicH SaHe
STYRIYNT Ueeh 1 3, Tl sfed! Hicad fohar gie Af¢e (Unit Matrix) 3 BUIdTd. 3RS
HICHT AHRIG: 137 3HERT SR i,

100

33I6€Ull?f: I3 :[0 1 0} ,%&ﬁé?3%[&i|€|§éé ﬁ|éﬂaﬂﬁﬂT§ﬁ?ﬁlaaﬂ@ﬂ%
001

L =[1] ® 3SR 13 masfed Afeay fbar gfe ey aime.

b o 0| % et 2 FomaRed R e e W o

7. UR SRR WEET (Upper triangular matrix): ST AT Heaqaed STURISATA A 94 e X
ST, AT TR TRIGER HfeH (Upper Triangular Matrix) 38 TUIAT. TR TRIRIER Hicqdem U A
CRICNESIG

2 —4 2
REARLINE u:[o 3 7]
0 0 1
8. TSR TMATYER HIedH (Lower triangular matrix): 3T Ad T Hica SUHL STURIVARIT 9 gedh
R ST, AT ASR SRR Afead (Lower Triangular Matrix) 3 TUMTd. AR TR Hicaadl
L 7 eRifde S,

300
33|6?U|Qf: L=/4 1 O
72 -5
9. 7Tt HieaT fdbar skt Afead (Null matrix or zero matrix): a1 HiCHIHE qd gcdh A AT, ATl
2RI AT (Zero Matrix) fdra 96 Hed (Null Matrix) 3 WU, 7 Hica (Null Matrix) 8 O 3 g=ifaa
EIGH
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00
00
AR D Oz[O 0] or O =
00 [0 o}
10. HiaTdT EI=AUIST (Transpose of matrix) : Ti¢ad A =T ekl 30T WUieh fGardad de- fesaddl

T 8T HIca A T1 =TIl (Transpose of Matrix A) 31l ATl A’ fhar AT 3 g=ifad o

2 3 4 2 2 1
Jeomd If A=|2 —1 4| then AT=|[3 —1 -2
1 -2 3 4 3

4
11. R dee (Symmetric Matrix) : 7 A1 Aicamed Tdd gedh el JHIGR R gehrRit
T S, AT 31, SR HeHRT A Hel HIUITE! UCHITA! aij = aji 3R 3Q, TR df Rfes Afeay amg s
SO T84 me@ a12 = a1, a3 = as1, 30T a3 =a3231®ﬂ,?|??ﬁﬁlﬂ1§$ﬁfﬁa¥r3{r%&@
TEUTAT IR d.

IR,
2 3 4 a h g
A:3—1—2]&rrfﬁr|3:hbf
4 -2 3 g [ ¢

12. Ty Rfes JiaT (Skew-Symmetric Matrix): ST - HicaqHed Tdd Yedh el TR fUdidia
geprRi oIt fergTd Srdl. o, SR Hica A W-Riafcs Afe R 3&id, dR Ud® 9cH 3! aij = -aji /&4l
a4, - RAfes Hicad g SiaRYsd ged (diagonal elements) [ SRIT, TETT Hicqad e

a1z = -a21, @13 = -a31, a3 = -az2 AU, Wﬁﬁ@@@—wm 3 TEUIAT s,

A RRUIIR
0 -3 —4 0 -h g
A=|3 0 2] afor B=|n 0 —f
4 -2 0 —g f 0
2.1.2 Hiewdl SISO (Algebra of matrix):

1) WieSRT JHTET (Equality of matrix): GF Hiad A 30T B THH RUAT IdTd, SR T 316 ¥ (orders)
O 38 0T & Aiaqadie Hafdd RMiadid gcdh UM 3dld.  TUreid, [aij] = [bij].

Jareund:  wR A:[_23 Q B:[_23 Q R A=B
Higaa=ar Sad<AT qUreHt e

1. WA=B3RAWRB=A e [Equid

2. TRA=A 37, Y A B HIUaE Afeay 3R ... [STTHF]

3. SRA=B3MUIB=C 3RAXRA=C ... [HHHURIA]

2) ®peR UMK (Scalar multiplication): TSI A 8T HieeRT 31 30 k 81 Teh T (Wba) 3R, TR A Ak
MR Herel Hicad kA = GRIfAe STl ST dl Aica A =1 U 9eahIa k = UMBR He Ut Sl Sl

a by ¢ ka; kb; kc
Jaeond: KA= k[l ! 1}— Lo

a by, ] [kaz kb, kbj

THeR UMTHRT orenrs:
FHST A S0 B & T TSy (Orders) I HIaR 3iTgd, 0 & THM TSy Y Hicad 318, m 10T n § Wherd
3{Ted, TR 3MUTH S WAl TUILH e

a. mA+B) =mA+mB

b. (m+n)A =mA+nA

c. 0-A=0
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d mx0 0
e. m(nA) n(mA) = (mn)A
3) HiewTdl S (Addition of matrices) : SR GF HicHl THM 3MTSH (orders) A, TR AT SRIof
(addition) FdT TS V. SR o AT HTSY (orders) S, AR T SIS BT JUIR ATRL. SR I Hicad
THM 3{TSH (orders) A, TR Il A& Tew dl sRIo] B ATl U a1 Hicad ).
e ajp age b1 by
R A= [321 azjz x 2 B= |:b21 bzz]z x 2

a1t by apt blz}
At by aptby

ax A+B:[

HiewTeT S¥ie ure:
A, B, C 8 HM 318 (orders) i Hicad 3fTgd 30T O 8§ THM 3HiSH (order) T HCHT 3118, TR

1. HicHd o’ HRIcfea 38, TUeid, A+ B =B + A
e ST srAfufed o), U, A+ (B +C) = (A+B)+C
ST Sl 3@, BUeia, A+0=0+A=A
IS Uffaudiarh 3if&id, A + (-A) = 0 = (-A) + A, TR -A 8 A T o ufafdmdid 3.
WRA+B=A +C 3{d, W B = C: ST H-HaiRM.
SRB+A=C+A 3d, R B = C: IAAT =i
4) ﬁ@ﬂ'«‘-‘lﬂﬂﬁﬁﬁ (Subtraction of matrices)
THST A 30T B § 9HM 3{TS(orders) IF HiZH TR d. R i TSETH! (subtraction) WTATd YRR GRHIRYT
Pl Sd: A-B=A+(-B)
Higaa=an aeraTeTd qoigH:

1) HfeHa goliaTd! drIcied gl WUeid, A—B#B - A WRJA—-B=(-B) +A

2) Hicaudl goraTe! srERfed Aret: ®Bueid, (A —B) - C#A — (B —C),

W [A+(-B)] + (-C) = A+ [(-B) + (-C)]

2.2 T SRIGIHRM 310 Hiea:
Hfewra S wufire uivad= .

1. T4 vard! ufvada (Elementary row transformation )

2. wiufr® W”W(Elementary column transformation ).
2.2.1 W4T Uaril ufad-(Elementary row transformation):
WP el uRadame o Hieehwr TRl TR0 Hd A1d , [WHHSE B! 9ga d o
ATEId. a1 Ui SRR T Al fFradiear Segar srifad $a Sad o @ gAfia swaa @)
ufvafda diged e dlgaredr Taged 3% .
i ufkad-rd e (Rules of elementary row transfromation)
a1 - R A feaa Iiiay sfid R SIUrTg! GF Udd! SO Saadl 33, [dbdld. ihefT jth Gadiar sed

Wmm

oG A W

Ri < Rj
1 2 3
Jaumd:Let A= |4 5 6
-1 7 9
STHATd 3ATUM(Applying) Ro < Ry
4 5 6
A ~ 1 2 3 ]
-1 7 9
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fraw 2: SR A faoid T Sia R HIUTATE! Uil I Ui HIvQTa! ] e I UMHR HRdl
Idl. it GeriTel T TeiedT k - OMHR el ST, TOT o eIy gRifdar Sitdl:Ri — kRi

-1 3 2
JaeRond: A= [ 2 1 6]
-1 8 4
STHATA 3T (Applying) R> — 4R2
[ 4 5 6
A~ [2%x4 1x4 6><4]
[ —1 7 9
[ 4 5 6
A ~ 8 4 24]
-1 7 9

o 3: SR A ad T sRid TR PIVATE! Uil 94 Ucdh a1 Uadidid Heidd gehiae shed oid
ehdld, O DIV T AT fRRIGIRI TUIBR Pl Sdld. SR i Uddid g j Uakildied gehiae (of I
T k WA OMHR D SAM) Sihedl offd SR, TR o JeldyH g)ifdd Sd: Rj — Rj + kRi

5 2

: _3]
6 2
STHATT AU (Applying) Rz —R3+2R;

5 2

A ~ 4 -3 ]
|64+ (2x5) 2+(2x2)
5 2

A~ i _3]
16 6

1 5 3]

JareRund:) A =

2.0RA=1|-1 5 2
2 3 5

SHHATd TUMT Applying R1 — Ry + (-2)R3,

[1+(—2)(2) 5+ (=2)(3) 3+ (-2)(5
A ~ -1 5 2 ]
| 2 3 5
[1—4 5—-6 3-10
A ~ -1 5 2 ]
v 3 5
—3 -1 -7
A~ |-1 5 2]
2 3 5

2.2.3 WY@ WY ufad: (Elementary column transformation)
RISt QT Wi SATIRRH, T YR S HIGR AN BT, STRTaT TUfie Ty TR fied. 3me
STuTgTE Uil uRadaga dqu=itaar ==t ddl 3, SUTdT 3Tl WY URadAagd disad adi &,
T4 W uRad-rd fAaw (Elementary column transformation):
a1 R A G i sRid @R PIUQAE! & WY SHTIHTd deadl 43, bdrd. i3 j* Ty Jad
G&IAvET SRife Srdl. Ci < G
2 -1 5

—4 2 3]

1 -7 3

I TROA =
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SHATT 3HTUT (Applying) Ci & Cs

5 -1 2
A~ |13 2 -4
3 =7 1

fram 2: SR A fadiad I Srid R DIV WU A9 Tewh =1 HIvdTe! A A9 G OMHR HRdl
Ill. it THUTAT R TReied k I TUMHR &dll Sl 3170 dl gélavmm gifqar sial: - Ci— & C

1 2 3
Jaexumy SR LA = |-1 4 2
1 -3 5
S{HATT 31U (Applying) C3 — 4 Cs
[ 1 2 4x3
A~ |-1 4 4><2]
| 1 -3 4x5
[ 1 2 12
A~ |-1 4 8]
0

1 -3 2
o 2: SR A fooa AT ofid TR PIVAE! WU 94 e gul WU Yafiid gehiid shed oihd
hdld, S HIUATe! YT AT FRRIBRIT TSR Il SITdTd. SR ith WU U jth IHTHT 9chiaed (o
IR AT k TR OMHR Pl ST Sied Sd SRdd, o) o e rauHol g=ifdd S e, ¢ —Ci + k C;.

2 -1 5
Jeeumfl SR A= |-4 2 3
1 -7 3

STHATI 3ATUT (Applying) C; = C; + 3C;
2 -1 543(-1)

A~ -4 2 34312
1 -7 3+3(-7)
2 -1 2
A~ |-4 2 9]
1 -7 -18
2 3
Iy 2 : SR A=14 5
1 2
S{HAT 3UTT (Applying) Ci — Ci + 4C»
2+4(3) 3
A~ |4+4(5) 5
—1+4(2) 2
14 3
A~ |24 5]
7 2

23 ﬁ@?\‘l% Q'-'«ﬁ?l\ﬁ (Echelon) 3for Arde (Normal) Ta=UTd FUTdR (Conversion of matrix to echelon
and normal form):
2.3.110) ﬁ@?\‘lﬁ BRI (Echelon) ¥d¥U (Raw echelon form of matrix):

1. SR fedean diee g8l I Uakdl 3l aR T HiC Ryl BRI Uehd g dhed SiTdld.

2. U Uddt AEfTeT TUH °Th “1° YUl SIS 3HTg STell SFRTUY 1 UL

3. V@ UKITHE SUTTUY YART HRUGTYG! AT TReAT TR Uakl! Hed S{RIT AT ST HHT 3R,
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g rdtd ﬁ@w ERISIE | (Echelon) ¥a=0Td 3med (Following matrix are in echelon form)

1 2 3 4
1 2 3 1 2 3 01 -2 3
AL A=fo 1 2| A= o 1 2| .A=
0 0 1 0 0 0 00 15
00 0 O
o Wrald ﬁ@w ERISIE | (Echelon) ¥a¥UTd ATSId (Following matrix are in not echelon form)
1 2 3 4
IaTeRumY A=lo 1 3/, B=|0 of C =
0 2 1 0 3 00 00
00 2 3

ii) ﬁ_\‘»w ufed @?I"IJT-[ ¥ (Reduced row echelon form of a matrix):
fedrean Afew @rehia se guf e Reyss dadie Bid e ed .
ﬁﬁﬁm@aﬁ (Echelon) TIH 30 ATIPH &I'I%
a. SFNTUY { TIdI WA 94 YA 3 UTigeld.

o Wdild A ReyEe TRIdH(Echelon) WEUTd 3{Tgd.

107 1200
sasaria- o o | 5= LY a-fo 2 o p=|0 0 L0
0 0 0 000 0 0 1 0001
000 0000
o T HICHT § Fhai- BiH 3Med Uy Red¥s TRAM (Echelon) WEUTd AR
12 3 4
107 2 01 o
a1 0 2 _ _
Baewnﬁ.A[()Ol],B 0153/ .C=| o
0018
0000

3aleXUl (Examples): [Echelon and Reduced echelon form]
IEIEIUT 2.1: WTelt feda HieRTal TRAA (Echelon) ¥a&UTd FUidRd Hel.

0 1
A=|o0 o]
5 9
0 1
IW:: Raardcam A= [0 0
5 9
STHATA 3O (Applying) R3; © R,
< o
A~ o 0
0 1]
SHEATC SO (Applying)Ry — =2, SHTUeaTel fAreel,
L3
A~ 1o o
0 1

ST MO (Applying) R, & R, , 3Tl fesd,
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5
s
A~ lo 1
0 0

FUTART B SMTaa Hodd § TRAH BT 318 T Reqwe T (Echelon) TReUTd TG
IS 2.2: WTell fedd HieRTan TAE (Echelon) TW&UTd FUIaNRd BT

A=

2
1
-2

W faan Al A=

SHHATd T (Applying)
[ 1
2
| —2

3
A~ 4
3

-2

2
1

4 2
3 5
3 4
4 2

35]
3 4
R, & R, , 3M0cdrel e

5
4
4

ST 3O (Applying) R, = R, —2R; 30T R; - Ry + 2R,

1 3

0 -2
0 9

STHATA AT (Applying)

1 3

0 1

A~

A~

STHATA 3T (Applying)

[1 3
0 1
0 0

S{HIId S{TUTT (Applying)
1 3

0 1
0 0

A~

A~

—-13
R; — -

5
—6
14

R2—>f—z , 3fTgeaTa fesd

5
3
0 9 14

R; = Ry —9R, , 3MUcTa fBesd

5
3

B e fiosd

13

5
3
1

FUTART B S Howd & TRAH WRUT 312 T Rews TR (Echelon) WUTd AT&.

IaTERul 2.3: Wrelt fead wfeaen

f¥egzs TG (Echelon) IaUTd Ui Bl
0

1
4 |
_2'
1
4 |
R, —2R, 301 R, - R;—3R,

1
A=12
13
[1
I fedardfcd® A = |2
K
S{HAT 3ATUT (Applying) R, —
1
A~10 5
0 10
STHAITT AU (Applying) R, —>% , We get
1 o
A~10 1
[0 10
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STHTTd 3T (Applying) R; — Rz — 10R,

A ~

1 -2
0 1

0 O

S3[HTd 3ATUM (Applying) R, — Ry + 2R,

A ~

1 0
0 1

0 O

SR PR SHTeiet Hicw 8 RSYEs TRd(Echelon) TR=UC 38

ISTERU 2.4 WTel faaiet ﬁ@?ﬂ?ﬂ fregTs TR (Echelon) WEUTd FUTdiNd .

1 3 4
A= |2 -1 -3
4 2 5
5 1 3 4
SWR:: feaandlced™ A= |2 -1 -3
4 2 5
[T 30T (Applying) R, = R, — 2R, 30T Ry — Ry — 4R,
1 3 4
A~ [0 -7 -11
0 —-10 -11
S[AQTd 30T (Applying) R2—>f—; , ST fiesd
1 3 4
A~ o 1 =
0 —-10 -11
S{HTT SO (Applying) R; — Ry + 10R, , STOcTel fHad
1 3 4]
11
A~ |01 7
33
00 5
S{HCAT 0T (Applying) Rs —» =Ry, 3MOeqrel fiesa
1 3 4]
A~ o1 =
0 0 1]
I 3O (Applying) Ry — R, — 3R, 3UaTal fiad
10 -3
A~ g 1 L
00 1.
ST 3ATUM (Applying) R, >R, + §R3 geaTe fesd
1 0 0]
A~ o1 =
0 0 1]

SHETA 30T (Applying) R, — R, — = R, 3Tdedrall e
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A~ |10 1 O

100]

0 0 1

SR PR SHeie Hic 8 RSEs TRIdH(Echelon) TR 31T
TRIGTETST IGTEXot (Example for practice)

1. el feere AfeaIar TRIAM (Echelon) WEUTd & UIART B,

2 0 3 2 2
1)‘3‘_[1 5] DA= 13 1
3 -2 8 —6 2
HA= |1 2] HA=|-6 7 —4]
3 —4 2 —4 3
2. el féeret Hicagell REYES TRIAH (Echelon) TR=UTd FUAR HI.
2 4 2 2 -3
1) A‘[_z 1] 2) A= [1 -5 2]
1 -5 1 -3 3
3) A= |2 1] 4) A=|5 2 4]
3 —4 2 -1 -3
2.3.2 ﬁﬁﬁﬁﬁ?\‘ﬁ Ardd W g (Normal form of a given matrix)
DHIVATE! I e Head A 1 WIeid IR WRaUTd S idRd Bl Ad. JTe HicHTd ArHeaaey GUdId:
I, I 0
L1, 0l [g] -
Wreltd feaa Hfeey ArHe (Normal form) TREUTd 3T
1 00 100 , ,
[010]=[1r] [o10=50
0 0 1 00 0

3aleXUl (Examples): (Matrix normal form)
3Irervr 2.5: fedd Wieyem AiHa W= urd (Normal form) =UiaiRd .

SRR

I RO IR A= [; i ;
STHATA 3TUTT (Applying) R, > R, — 3R,

1 2 3

A~ [0 -5 —7]

[HCT 3O (Applying) €, = C, — 2C, 37T €3 > C5 — 3C4

1 0 0
A~y S5 ol
S[HTTd 31T (Applying) cz—>_c—§ 3fror c3_>f_j
10 0
A~ o 1 1]
STHATA ATUIT (Applying) C3 - (3 — (4
10 0
A~ o 1 0]
A~ [, 0]
FUART B A Hiea g AR ard (Normal form) 31Tg.
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IIET 2.6: fad Hiewye e Ta=urd (Normal form) =Uiaivd &

1 2 3
A= (2 3 4
3 4 5
1 2 3
I feaan fl|aER:| A= 12 3 4]
3 4 5
[1 2 3]
A~ [0 -1 =2
0 —2 —4]
STHATA 31U (Applying) R, = —R2,
[1 2 3]
A~ 10 1 2
0 —2 —4l
STHATA 3ATUM (Applying) R3; — Rz + 2R,
1 2 3
A~ 10 1 2]
0 0 O
STHTT TUTT (Applying) Ry » R, — 2R,
1 0 -1
A~ 10 1 2 ]
0 0 O
STHATA 3ATOM (Applying) (5 — C3 + Cy
1 0 0
A~ 10 1 2
0 0 O
STHTT 3ATUIT (Applying) C3; » C3—2C2
1 0 0
A ~ [O 1 0]
0 0 O
I, 0O
A~ [6 ()]

ORI B 3Mad Hieq § AT WUTd (Normal form) TR,
IRERITST IGTev0l (Example for practice)
Q.1: TTelt e Wigagan ATHa @=uTd (Normal form) SUidRd HRT

3 -5 3 1 =2

1)A_[1 4] 2) . A= [2 -1 1]
5 —2 1 5 2

3) A= |1 3] 4 A= |2 7 3]
2 =5 3 -1 2

2.4 Tfoded m ﬁ@?\‘lﬁ ﬁ# 0! (Inverse of matrix by elementary transformation)
SR A HIUIAG! B (square) HHT 3T, TR U0 AT I (inverse) BTG bl SR |A| £ 0 3, RA ™!
SI@Td 3l 3o ﬁﬁaﬂﬂT il (inverse) UYfHeh =il (elementary transformation) ®¥ dhig
hdl. A (inverse) DHIGUIATITSY, UV ISR A § 31 farfgar:

A=1A
A (STT FTSel) 1O 1 aR JH YT I WUIARUT (row transformations) ey, HICRT A (ST STSel)
81 1 7ed T UTIRd gI5d 311 1 AT At Ael S UialRd bal Ssd. Hieardl 34 (inverse) A~ = g=fadr SIrat
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3aleXUl (Examples): [Inverse of matrix]

aamwnz7ﬁﬁﬁﬁﬁmﬁnmwﬁﬁrﬂhﬁﬁmkgaahﬁur4A=[§ ﬂ
SW: feaqdfe™ A= [2 3]

5 7
A=T1A
2 31 _[1 0
[5 A _[0 J A
SHETA STV (Applying) R, - =
3 1
MR HE
5 7 0 1

STHTTd 3T (Applying) R, = R, — 5R;

1 2] ][5 o

= A
-1 -5

_0 — B 1
S{HTd 31U (Applying) R, —» —2R, ,

1 2 B
2] = |2 l A

0 1 5 -2

SHCTA VT (Applying) Ry = Ry — =R,

[é ﬂ - [EZ jZIA

I= A" A
5 3l
5 -2
WWW(Inverse)&ﬂ% ATt = _2]
iﬁmﬂwzsﬁﬁ@ﬁﬁammmwﬁﬁﬂﬁmﬁmﬁsﬁﬂﬁﬁm
1 2 3]
A=|2 5 7
-2 -4 -5
1 2 3]
SW: : fedadfesd A= |2 5 7
-2 —4 -5
A=IA
1 2 3 1 00
2 5 7]|= k 1 0]|.A
-2 -4 -5 0 0 1

ST 3O (Applying) R2—>R2——2R1 3AMOT R; - Ry + 2R,

1 2 3
01 1 210

0 0 1
STHATA 3T (Applying) R, — R1 — 2R2
1 0 1 5 =20
[0 1 1] =1-2 1 0].A
0 0 1 2 0 1

STHAT 3ATUM (Applying) R; = Ry — R3
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100 3 -2 -1
[0 1 1]= -2 1 0f.A
0 0 1 2 0 1
SHHATd 30 (Applying) R, = R, — R3
100 3 -2 -1
[0 1 0]=[—4 1 -1].A
0 0 1 2 0 1
I= ATA
3 -2 -1
U Hieqqdl & (Inverse) 38 [—4 1 —1]
2 0 1

IRIARITST IGTe0l (Example for practice)
Qe e dieewrar urufire aRadargR g 20T .

2 6 2 -3

1)A—[1 5] 2) A= [1 4]
1 3 -1 01 2

3) A=|-3 1 —4] H A= [1 2 3]
1 3 —4 31 1

2.5 H'VETRT%??(Rank of matrix)

R A BT oo Hiead SRie R TR diF UGd el aT0R e Hic ! Xdb Z1Tef 2Tahal.

1. SRA g oo 2 fdhar 3 3SR a1 IRW(square) AICHT S R MURS HIg AR HICHTTH! Xb HIGO!
.

2. ﬁ@aﬂ?ﬁﬁﬁm@ﬁqﬁﬁ(echelon form) T BRI H& Hleo! Sd.

3. HiCHaT I% Bl HieaaT AiHe WU (Normal form) T SUTARUI e HIGST SN

AR P p (A) GR SIS Mal.

2.5.1 feefiqa= (&) ?-I'fTEF) qys=- ﬁ@'ﬂ'\‘lﬁ I BT (Rank of Matric usising Determinant)

SR A B feaaT 2 fdrar 3 3iTER a1 IRU(square) HHT 3@, R RuRe Jog are AR X6 A0ie

JhR HIGS Sild.

a) SR A gl faoer2 fdar3 &maW(square)ﬁwmwmmﬁmwww
R 1 e 3P & 1 AT 3ifex Ude 3¥d. WU oR [A| # 0, @ & Hiewd &g
ATféaaa SifeR T 3 .

b) SR A &1 feoeT 2 fdhar 3 3iiSR a1 IRY (square) AR 3R 3NfYT fedwar Aieaws fAuiia Jog
3R, TR AT Hicaws ¥ § 1 Aica! 3SRk tae 7. BUSE SR 4| = 0 , &R o Hieaqs I 7
TR = 3SR Tde T . OR MUGATST 3T Th at AR (minor) ZNeTal STTd foh @ FReffa
&4 3 81, feaiedn HicaT Y& § 1 AR (minor) 318X Tde 3.

IaTERU 2.9 e Wieawa Muffva qe oga 9T & M A=[i g]
Wﬁﬁ?{f@?ﬂ A= LZL g

3T SfY feeiedn AicRrd Ruiid 9ea o1g
_ 12 3
ar =
= @)@ -HO)
= 8- 12
= -4 %0
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e dieage RufRa gea 20 1€ e @ Afew ¥ & @ dfeag= aiidk uae o, facde wieaw=h
3{TER 2 T8 WU HIfcHRTdT X 81 2 31Te.

p(4) =2
IaTERU2.10 Faea W Frufie qea og TRe & e A=[i ‘;
IW: ﬁéﬁﬁiﬁaﬂ,m[i g]
3T S feeiedn HicRmd Muiia gea o1g

I
2)(@) - HE)
16 - 16
=0
fecen AfewRm fuifa Ow 3 e WuH & dieau X &) 1 Afcaud! 38X Ude AT,
B/USHd  p(4) # 2
TR MUY 3 Rogd dd fFan= 8 = 0 , U FuiRad 0o 3@ TR e amRe $idR 1 o
R ATféaTet ¥ € 1 3B,

~opA)=1
IIevr 2.11 feciea wiewa feifya gea w1g wfeew Y& =
1 -2 1
A=|-2 5 —3]
1 4 3
1 -2 1
IW: feaad dfe A = [—2 5 —3]
1 4 3
3T e HicaTa Fuid 4w #ig.
Al 1[15+12] +2 [-6+3] +1 [-8-5]

1[27 142 [-3] +1[-13]
27-6 -13
=8+0
fEciea Higar FMuiid goa [ A6l WU @ Hicard X& o) o1 Aiicadr e e . faciean Anfcams
TSR 3 TR WU AT 3 B 3 31T%.

p(A) =3
Ierevur 2.12: fedwar it fruffya qeu wrga Afewa= ¥ e
1 2 3
A= |4 5 6
7 8 9l
5 1 2 3
W fodd dfcl A= |4 5 6
7 8 9
|Al = 1[45-48] -2 [36-42] +3[32-35]
= 1[-3]-2[-6] +3[-3]
- .3+ 12 -9
Al = 0

feare v fuffea Iw 2 oie WuA @1 Afeaws Yo & a1 Afd Rt 3SR ude ATet. T p(4) # 3.
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e ST o R R - )
=5-38
=3 #0
TEUS a3; I1 AR FYiRd Jod 3 6L
fedTean TR SifeR 2 3T U Afiéaa ¥ € 2 3.
~ o opA)=2
2.5.2 ﬁ@wﬁfmﬁﬁ@w@ﬁﬂwﬁnﬁmmmank of matrix by reducing matrix to
echelon form):
SR A B ST SHSTar Hiea 3Re @R r O AT HicHRTd ¥ RUrdrd Siag]
1. AU A HHId HH T a)l r 3Texedl AR FUiRd Jod 3R 9.
2. U@ (r+1) TSI AR FuiRd Jod 2 3.
3T fedaar Hieaqar Uryfies Ua (row) T &H (column) IRE SRL dxal S0 AT TRAAT Brade
(Echelon form) ¥UIARd &l SR M fadaar dicad A =1 THUT Ukl (Row) BT 3@ 31107 k g1 Hfc o=
P = (AT A =1 THUT UaRiTe! (Row) H&T) - (Hied ToTH iAo 9d vesd I e aar Uil
(Row) I

r = M-K
IeTeRur 2.13:  fedie Aieaqar uRar— BiHaed (Ecelon form) A SUART H¥- Hicaad! Y& M.
1 2 3
A=[2 1 4]
3 05
1 2 3
I feaa A A=|2 1 4]
3 05
ST 31U (Applying) R, — R, — 2R, 3MUTR; - Ry — 3R,
1 2 3
A~ o -3 -2
0 —6 —4

SHATd AHTUIT (Applying) R, = _TRZ

1 2 3
A~ Jo 1 2
3
0 —6 —4
STHATd 31U (Applying) R; — Rz + 6R,
1 2 3
A~ o 1 2
3
0 0 0
M = Hi¢H A T UHUI Ui (Row) G-&AT = 03
K = Afee oM Baqdie 99 gew I ool Uadd! (Row) I =01

r = M-K
= 3-1
= 2
R e Hiea™ ¥ 2 311G,
p(A) =2
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ISTeR1 2.14:  fedwn Wieqan uRar BIHAS (Echelon form) TUTAR B3 Hieaqw ¥ qNe.
1 2 3
A= |[4 5 6]

7 8 9
1 2 3

IWR: fod dfc® A= |4 5 6
7 8 9

SFTQATA ATOT (Applying) R, — R, — 4R, SMlUT Ry — R — 7R,
1 2 3
A~ [o -3 -6
0 -6 —12
SHETC 30T (Applying) R, — =2

1 2 3
A~ |0 1 2

0 -6 -—12
STHATTd 3HTUTT (Applying) Rz — Rz + 6R,
1 2 3
A~ [0 1 2]
0 0 O

M = Hi¢e A 1 THUI Uddai(Row) T&AT = 03
K = Ui G661 BIHANE ¥4 Ucdh I Aoadl Gaddi(Row) &l =01

r = M-K
= 3-1
= 2
RUH feden AR ¥ 2 3iTe.
p(A) =2

253 ﬁﬁ?\‘ﬁﬂ IF gl ﬁ@?\‘ﬁﬂ ATH® TEUTT Al FTUTARYT H (Rank of matrix by reducing matrix
to Normal form):

R A BT HIUTTG! SHTS3ar Hiea 3w, ST fGdaar Hicaiar UTufie Ua (row) ST WY (colum) TREcH
ST Gl SATOT IR ATHS WRUTd (Normal form) FUTARd &l

FUIARd HooT HICR] 81 WIoTe UbR 3l

7 1l 0
1 I VA o

S 1, 81 gfre Hieem fobar smaefedt wiees axifaa anfdr o &1 g wieew axifda.
Y r A1 AT HiCHTd ¥ 3 U

ISIERT 2.15: fedieur wideye A Wa=uTd (Normal form) UARd ®ee- Aieaqs ¥ 2T,
1 2 7]

A= 12 4 7
3 6 10

127]

I fedd dfew A= 2 4 7
3 6 10

ST 31U (Applying) R, = R, — 2R, 3MOTR; — R; — 3R,
1 2 7
A~ |0 0 -7

0 0 -11
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—Rs

S{HId IO (Applying) R3 — —

[1 2 7]
A~ [0 0 -7
0 0 1
STHATd 3HTUTT (Applying) R; = 7R3 + R,
[1 2 7]
A~ [0 0 =7
0 0 O

S{HI STV (Applying) c3 = —2

1 2 -1
A~ [0 0 1
0

STHAATI 3ATUIT (Applying) c3 < ¢,

[1 -1 2
A~ [0 1 0
0 0 0
STHATd AU (Applying) ¢3 = ¢3 — 2¢4
[1 -1 0]
A~ [0 1 O
0 0 01

STHATT 3TUIT (Applying) ¢, = ¢, + ¢;

100
A~01

® feciean dfcaae Arda wid ofre. ﬁﬁ&rrqﬂw L, BT 3ifex 2 o1 gf+e Hicay et 3ifg. U fadiear Hiead
3P 2 3T,
p(A) =2

ISTER1 2.16: fediean wieawan ATH® WU (Normal form) FUIGRT He- HicaTT! Y& JNLT.
1 2 —1]

A= 13 -1 2
1 3

4
1 2 -1

IW: faad dfew A= [3 -1 2
4

1 3
ST 30T (Applying) R, = R, — 3R; 30T R; - R; — 4R,
1 2 —1]
A~ o -7 5
0 -7 7
SHTT ST (Applying) Rs > —>
1 2 —1]
A~ o -7 5
0 1 -1

STHAT 3ATUTT (Applying) Rz < R,
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A~

A~

1
0
L0
STHAT AU (Applying) R3 = R3; + 7R,
1
0
0

S{HATd AU (Applying) ¢, = ¢, — ¢l

2 -1
1 -1
-7 5
2 -1
1 -1
0 —121
0 -1
1 -1
0 —121
0 0

1 -1
0 —121
0 O

1 0

0 -—12i
0 0

1 0

0 1

[1
A~ 0
0
S{HATd 3TUT (Applying) + c1
[1
A~ 0
0
STHAT 3HTUM (Applying) c3 — ¢3 + c2
[1
A~ 10
10
S{HATd AU (Applying) Rz — _1—};3
1
A- [0
0
A~
© faeed digeRra ATHe BiH 3118,
Y U I3 BT 3iTex 3 91 e Hiea BT 8fTe.
U fedear digawd ¥ 3 ame
. p(A)=3

TRIAITS! STERul (Example for practice)
Q.1 fedeur Wfewm Ruffva geu w1ga diee ¥ e

2 8 3 2
1)A_[14 2)A_[25
1 2 3 1 2 1
3) A = [z 14] 4) A= |-2 -1 4]
3 0 5 2 -4 5
Q.2 IR 'FI'VEWFIT Q'Sa?ﬁ':[ BHAS (Echelon form) A FUART T ﬁﬁ?\“ﬁﬁ I AT
1 3 1 3
1) A= [z 6 2) A‘[z 6
1 2 3 3 2 3
HA= (2 3 4] 4) A= |2 4 9]
2 4 5 5 6 6 .
Q.3 fedeun diewyen e W@&uTd (Normal form) UGN - Hicaad! ¥d T,
1 3
1 A=B ; :7):] 2) A= |-1 2]
3 4
2 3 4 1 2 3
3)A=431] 4)A=[247]
1 2 4 3 6 10
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2.6 AT-gHIfIag efor  grforfas Y Jeiewor yommet. (Non Homogeneous and homogeneous
system of linear equation)

2.6.1 AA-gIAIIaT Y¥ Ffiewor yomett (Non Homogeneous system of linear equation)
A-grfo e Yot aefienror gurret $r=ft 3Rid fob ST shHid it Ueh JHIDHRUMAT ST dTefd - A9dTd,

anxtapytasz=d

arxtapnytaszz=d
a1 X +tanytasnz=d;

RIS THIHU! YU HiCHTaT WEATd Wo16 YHR [og 2.

ai1 Q12 Q13] 1x dq
[a21 azz a23] Iyl = dz]
az; Aazz Aazzllz ds;
AX=B
ai; Qi 0433 x dy
Y A= dz1 Az Q3 X= [y & B = dzl
az; Qzz 0Azz z d;

YUY 3g! WU U5 fob SR AX=B, HH B &1 3 HIca TG ok dil A--g TSI XS JHIEHR0T JorTett
3.

SRTAX =B, x,y M 2z oA UHE doo! THIHRUN AIGRM (Solution) SdTd, dagT ot FOTRH L&
(Consistent) 3, =T, ot SR (Inconsistent) U FeuTaa! i,

Jarerond:  @relt feaet A-grfoay Yot Tt o yurett s (Non Homogeneous system)

l. x+4y+3z=5 2. xty+z=2
2x -Ty+2z=17 x-Ty+4z=5
3x+4y+z=9 x-4y+3z=5

TS HICHT (Augmented matrix) : SR AX = B , § Hlca WRUMIA AH-g AT XS FHIHROT
PYIK]]

3, R HICHT (A, B) A¥HITHCSHCRT (Augmented matrix) 31 U,

fes o THteRUmET STHCSHICH (Augmented matrix) WTOTS YHR U f5g Zrdhl.

ai1 Q12 Ag3 :ody
(A,B) = [G21 Q22 a3 : d,
az; Qzz Az : dj

2.6.2 gifeifas Yfta Ifiw o ot (Homogeneous system of equation)
AT Yot TieRor vomelt =it 3R b SaTd iU Iotedt STofd X SRIdTd. STIURT Sg!
BUAIUS6 [ SR AX=B , A B g LI HICH 3, R ol g% YN THIBROT JUTa Sid
Wﬂﬁ: anxtapytasz=0
a1 X tapytasz=0
a1 xtanytaspz=0

Jarerond:  @rell feeelt SrmifoTas IS THienRor HuTe 3 (Homogeneous system)

. x-3y+z=0 2. x+t3y+z=0
2x - 4y+2z=0 Xx-y+5z=0
x+t4y+z=0 x-y+3z=0
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2.7 AF-giIfa Ya e yumeardt Wﬁﬁiﬁ 3C (Condition for consistency for non-
homogeneous system of equation)
MUUTYYH AX = B & m THIHR0 SGO! 30T n Wﬁ(un@owns)wqﬁ—ﬁﬁﬁwww
EUISICIEEINGESS
SR m = n (FHISHROTTH T = SrTai W) 3@d ok Wrelt feaedn Ar9-grafSifay Yt geteor qurmeiard!
AT 31T 3Med .
1) SR p(A) = p(A,B)
3yl ey A 91 ¥ i SRS T (4, B) a1 ¥ THM SIQI, R Ai--groi—ad Y§ Jeeor
JUITelt AX = B 81 1A (consistent) 3RId. STTOT T A-gHAISHET YT THIHR0T HoTeal ThHd 3R
(Unique solution) 3.
2)SR p(A) # p(4,B)
3y, Hica A 91 3@ SMUTSHITHCE HCHT (4, B) T1 & THM 9, R -G YT JHEHI00
YUITell AX = B & ST (inconsistent)3NTdl.  SHTIOT T A-BIHINSTEG I THIBHRUT YUl HIUTdg!
31X ( no Solution ) T
3)W R p(A) =p(4,B) =r<n
3y, Hica A 91 %@ SUISTHCS AR (4, B) a1 X% THH SRIQI, TUT HiCHRTAT X SR TReue
U 3, T AH-g A YT THiHuT Jomelt AX = B ﬁw (consistent) 3. 31 1 AH-
BT YO FHIHRUT JuTTeital $Hd 3k (infinitely many solutions) 3 R dld.

A9-grHITg YR GHieR0 JumTet
(Non-homogeneous system AX =B) m#n,m=n=3

¥ (Consistent) SREETA (Inconsistent)
SR p(A) =p(4,B)=r R p(A) # p(A.B)
— | E—
R r=n r<no IR AR
THHd TR ST TR (No solutiion)
(Unique solution ) (Infinite solutions)

JGTENUT 2.17: WTeld AHIBRUT YU GIHITadT (Consistency) TUTHT.
X-y+2z=2
2x +y +4z=17
4 -yt+tz =4
IR oo TR g1 A-gIHIST-o XS THIER0 Jue! 31Te.
o @ THI®ROY ST WS Rl WREUT (Matrix form) W06 UHR O 21,

I
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AX =B
MUY fES G FHIHRUMATTHCS HICHRT (Augmented Matrix) TR &
1 -1 2 2
(A,By~ |2 1 4 : 7
4 -1 1 4
SHHATA T (Applying) R> = Ry -2 R 30T R; » R3-4R,
1 -1 2 2]
(A,B)~]0 3 0 : 3
0 3 -7 : —4]
STHCTd 3HTUTT (Applying) R3 —» R3 - R
1 -1 2 2]
(A,B) ~ 10 3 0 : 3
o 0o -7 : -7l
ST 3TN (Applying) R: — -2
1 -1 2 : 2
(A,B)~]0 1 0 : 1
0 0 -7 : =7

AfeT ATIF = p(4) = 3—0 =3 31 "R (4,B) A& = p(4,B)= 3—0 =3
p(A) = p(4,B) =3 = 3Tl AT (number of unknowns) = 3

BU fo @t AH-grfSag Y FHteb T yurre g1 gITd (Consistent)\?ﬂ%. Ai-graiforae Yy gHteRur
Juleiiell ThHd 3R (Unique solution) 3G
JCIBIT 2.18; WTeld JHIHUT YTt WIT‘IT‘IT(Consistency) GLIE A

Ixty+z=2

x-3y+2z=1

Tx-y+4z=5
IR oD TR0l g AH-gHT-ae Y FHie=or Junst ofe.
feoat wfiao &Wﬁﬁaﬂmw (Matrix form) WSS THR fg 2.

IRl

AX=B
MUl fedaar THSHRUMATSHITHCS HI¢RT (Augmented Matrix) TR $.
3.1 1 : 2
(A,B)~[1 -3 2 1]
7 -1 4 : 5
S{HAT 3TUTT (Applying) Rie Ro
1 -3 2 :1
(A,B) ~ [3 1 1 2]
7 -1 4 : 5
ST 30T (Applying) R2 = Rz -3 R; 30T Rz —» R3-7R;
1 -3 2 1
(A,B)~|0 10 -5 : -1
0 20 —10 : -2
S{HATd 31U (Applying) R3—= Rz -2R»
1 -3 2 = 1
(A,B)~ |0 10 -5 —1]
0 0 0 : 0
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SFFEIA SO (Applying) R — =2

1 -3 c 1

-1 -1

(A.B)~[0 1 = =
0 0 0 0

AR ATID = p(A) = 3—1 =2 SAUIARH (4,B) AH=p(4,B)= 3—1=2
p(A) = p(A,B) =2 < 3G T8I Number of variables ) = 3
U fGordt A-grafor-rog YuTg Hieb o gurrelt 81 G (Consistent) 3Tg. F--gHINHIT YU GHHI0T
YUl 3Hd ST (Infinitely many solutions) 318 d.
JGTERUT 2.19  ETelte HHIBROT WOITeld ! & Taar quTT.

2x-y+3z =2
xty+2z =2
5x-y+8z =5

SR GO0 THIBRU! BT AH-B -1 o FHIHT Jole! 3.
o dt TR0l ST ARl WUTd (Matrix form) WTo1S YbR &g 2.

bl

AX=B

QQ

2 -1 3 2]
(A,B)~|1 1 2 2
5 -1 8 5]
STHATA 3ATUTT (Applying) Rie R:
1 1 2 2]
(A,B)~ |2 -1 3 2
5 -1 8 5]
ST 30T (Applying) R — Ry -2 Ry &rrfﬁr R; - R3-5R,
1 1 2 2]
(A,B) ~ |0 -3 -1 ~2
0 -6 -2 —5]
STHAT 3TUT (Applying)R3z = R3-2 R»
1 1 2 21
(A,B) ~ |0 -3 -1 —2
0o 0 o0 : —1l

S VELRS fipRusITHCS 'JZI'VI%H'\‘:[ (Augmented Matrix) ddR dH=

W ATIF = p(4) = 3—1 =2 IMTHARK (4,B) AMIF=p(4,B)= 3—-0 =3
p(4) = p(AB)
AiA-graAo Y SR yure gt SRIATT (inconsistent) &H% 30T &1 AF-grI—aT i s
UMl ®IUde! SR (No Solution) AT,
WRTGRITST ITeR0N
R INGEILICRUR UINIE]] JIHITAdT (Consistency) TUTT.
a) x tytz =6 b) 3x f2y+z =10
2x+y+3z =13 2x +5y+3 z =15
5x 2y +z =12 S5x-4y-3z =0
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c) 2x 3y-z =3 d) x R2y-z =1
Xx+2y-z =4 X+y+2z =9
5x 4y -3z =-2 2x +y -z =2

2,7 AT-grAoT=ra Y THISR T quTTeiie AT (Solution of non-Homogeneous system of equation)
feorea AA- g as Yt gHfte o gumete AR (solution) TNYTITATST  STUUT WTelid WU aTR HE.
R |: GHIHROT A--GIHEIT-a XS JHiehR0T Jomelien Hieay FaTd forgT.
XY |1: GHIHROT AH9-grAfSTHTE Y IR0 JuTeiuRge siHcsHea forgT.
WY 111: ST AR WUl ekl (row)aRac Hx1 SfoT Hf Tl TRId- FuTd frg.
WY IV: AT ATIB = p(4) 30T AR (4, B) TIH =p(4,B) W
AT TUTET:
e SR p(A) = p(A,B) 3, TR A-gHNIEH YT THiH01 JUet AX = B I 312 10T ATel ThHa
378
e SR p(A) £ p(A,B) 3, TR AT-grforrora Yig i guret AX = B SRIETT 31T SAf0r ran
DB IR T8,
e SR p(A) = p(A,B) = r < n 3, TR A-grforfro Yfig Tt o yorel vt AX = B g 311 for
T 3 (infinitely many) 3R 3R Xrehdrd.
WY V: AT TURIFR AR 3R 2T,
IS 2.20: feo@ar A-grfoi=aT v IHieor Yo GRivadT qurT, SR JEd 3€d @) d
isdr.

3x+ty+2z =3
2x-3y-z =-3
X 2y +z =4
IR Aot TR0l g1 AF-gHf-ae Y =0l Junst 3.
o dt THinR0N ST ARl WRUTd (Matrix form) W01 YbR &g 2l

3 1 2]« 3
E -
1 2 1llz 4
AX=B
ST fG ST THIDHRUMISITHCS TR (Augmented Matrix) TR .
3 1 2 : 3
(A,B)~[2 -3 -1 —3]
1 2 1 : 4
STHATA 3T (Applying) Ri< R3
1 2 1 : 4
(A,B)~[2 -3 -1 : -3
31 2 : 3
ST 3T (Applying)Ra = R -2 Ry SMUTR; » R3-3R;
1 2 1 : 4
(A,B)~[0 -7 -3 —11]
0 -5 -1 : -9
S{HATd T (Applying)Rs — ’_*_;
1 2 1 : 4
3 11
(A,B)~[0 1 > 7‘
0 -5 -1 : -9
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SATATT 3O (Applying)Rs > R +5R

1 2 1 4
3 11

(A,B)y~ |01 3 E2
003:§

e ATIH = p(4) = 3—-0 =3 3N ﬁéa%r(A,B) AqAIF = p(4,B) = 3-0 =3
p(A) = p(4,B) =3 = 3{ITdid! AT (Number of unknowns) =3
BUAd feoa! AF-gmN-a Yg GHiH T Jure! gl JId (Consistent) GTI%
qiA-grAAo X GHIHRT JurTdie ThHd ST (Unique solution) AR .
Uefl(Row) Rs UREH, 2z =— 2
z=-1
Udqil (Row) Ra Ugd, y + 5, =1

7 7

3 14
—:2

11
y=7%7 73
Uadil (Row) Ry U, x+H2y+z= 4
X = 4 -22)(1)
X = 4-4+1 =1
WUH x=1,y = 2,z=1¢ Qdoar AH-gmffayg Yfg griieo gl 3w 3.
IIERT 2.21: e AF-gaforaw Y aifievor yond GTaan aurEr, sk g ofd 9 o
Hrear.
2x-y-z =2
X +2y+z=2
4x+ Ty -5z=2
IR GTor THiHRU g1 A gy Y THieR0T Yot 3ie. fGoo!r THIBRU! 3907 Hic Rl W uTd

(Matrix form) WTo1® YR fog b

2 -1 —1]px 2
1 2 1 M= [2
4 -7 —5llz 2
AX=B
MU fGS ST GRS TTHCSHICR (Augmented Matrix) TR H&.
2 -1 -1 : 2
(A,B)~[1 2 1 2]
4 -7 -5 : 2
STHTTA 30T (Applying) Rie R»
1 2 1 2
(A,B)~[2 -1 -1 2]
4 -7 =5 2
S{HCT 30T (Applying) R — R2-2R; M R3 - Rs- 4Ry
1 2 1 2
(A,B)~|0 -5 -3 —2]
0 -15 -9 : -6
STHAT 3T (Applying) Rs — R3-3R»
1 2 1 2
(A,B)~|0 -5 -3 —2]
0o 0 0 : 0
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AR ATIF = p(4) = 3—1=2 SNMOTARK (4,B) IAMH=p(4,B) = 3—-1=2
p(A) = p(A,B) =2 < 3FAHEFBAN Number of variables ) = 3
U &S A gHI-as Y8 JHich01 YumTett g1 G (consistent)SHTg. BT YHF FHIBRUT
JUITeHa 3Hd ST (Infinitely many solutions) 3Med
Putz=t
Gaii(Row) Ry URTA, -5y- 3z=-2
Sy+3z =2

2-3z

Uakili(Row) Ry U x+ 2y + z =2
z 30 y 4 BT 335
x =2 2220y
10 4+6t 5t 6+t

X _— =
5

WA x =28y = z=t %WWWWWMW&H@

I8 2., 2zqﬁaﬁﬁﬁuﬂwmwmmampwm
1) PIUMde! IR AT (No solution) 2) THUg 3R (Uniuge solution)
3) 3=d I ST (Infinitely many solutions) T TUTT.
x+ y+ z=6
x +2y +3z= 10
X +2y+az =
SR: [G0! FHia=0l g A1-grfoTfae Y SHid Tunet o,
IEREIESEIERY| &mﬁﬁmw (Matrix form) TTo1® UK fg 21,

1 1 1
1 2 3 10
1 2 «a Z

AX=B
MU faS ST GHIDHRUMESTTHCS HieHT (Augmented Matrix) TR HE.
11 1 : 6
(A,B)~|1 2 3 10
(1 2 «a B
3T UM (Applying) Ra — Ra - Rlx’rl'lﬁng—> R;-Ri
(1 1 1 : 6
(A,B)~0 1 2 : 4 ]
1 1 a—1 : B-6
STHATA 3ATUM (Applying) R3; — R3- Ry
11 1 : 6
(A,B)~10 1 2 . 4 ] .......... 1
0 0 a—3 : B—10

"eHTI-I (Case -I): HIUAG! SR ATg! (No solution)

SR p(A) # p(A,B) 3R, R AH-BITATT YR THIHR0T Jumeit AX = B 3RETd (Inconsistant) 3fTg 3ToT
AT HIVTdR! STR TG AHHCS ACHT | d HIBoNYdd HRIEU B

W& 0. - 3 = 0 3TN B - 10 £ 0, AegT AT-BIAIITY YT THIHRUT JuMTeiie HIvde! IR ATE!.
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BHRUT, Sigl o= 3 30N B # 10, degT p(A) =3-1=2 M p(AB)=3-0=3
p(A) # p(A,B)

a =3 3T B £ 10, 3R AT THIHRUT YUl HI0Tda! ITR ATEL.
YcHI-2 (Case -II): Q@flﬁ 3R (Unique solution)
SR p(A) = p(A,B) 38, TR AM-graf-ag Yig It guiet AX = B G 317 SO el Tehid IR
3%,
e Aiea 1 3 FIoolgad RIS S, ST o # 3 31 B # 10, degT YUEal UehHd SR fHad SRl
d®T p(A)=3-0=3 3N p(AB)=3-0=3 ,

p(A) = p(A,B) = 3 = 3{TdTe T-AT ( No of unknons ) 3.
~ o# 3 S0P # 10, 3R dogT THIBRUT JUTeal UhHd IR Had.
geH1-3 (Case -111) 3d IR A (Infinitely many solutions)

SR p(A) = p(A,B) = r < n 3, TR AH-ZAITTT Y0 FHIH0 YulTelt AX = B T 378 3101 ATell 3d
(Infinitely many) IR 3R Idld. AMTHCS HiCHT | d HIBSYdd FRIU HE.
S@T o = 3 3T B = 10, AT @R A-BIAIITT YT THieBR0T Juelian 3Fd IR 3.
PRUART p(A)=3-1=23MMpA,B)=3-1=2 Ud

SR p(A) = p(A,B) = 2 < 3 = 3T /AT ( No of unknowns ) 3,
& =3 30T B = 10, AET 3T T JHHVT YUITATAT S IR ST,
IGIERT 2.23: WIS AT-g TSI YU THIBUT YUTTe! YRITTd gIvaTITSt p o Yoo SaT STfo1 T p

x+ 2y +z =3
x ty tz= f8
3x +y+3z =p?
FR: oot TR0 g A- Ao Yo THiHR0 Jure! SiTg .
feoot aHi@Ro &mﬁﬁmw (Matrix form) WTo1® UHR fog 21,

1 2 1
11 1
3 1 3
AX = B
MU f s aar TR S Ui (Augmented Matrix) TOR &,
1 21 ++ 3
(A,B)~|1 11 : B
31 3 : p?
ST 31U (Applying) R» — Rz - Ry 3MMUTR; - R3-3R;
1 2 1 : 3
(A,B)~]0 -1 0 : B—3
0 -5 0 p? —
STHAT 3TUM (Applying) R3; — R3- 5R»
1 2 1 3
(A,B)~|0 -1 0 : B—3 |-t 1
0 0 0 : B*-58+6
TS TR | I HIBIYdD RIE0 HE.

MU 3 feA fF SR B2 — 58 + 6 8 A 3R @R A-grifay Yeig wfieor yumedt AX = B
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& I (Consistent) TS .
®Ud , B2—58+6 =0
3o THiaRl § B 91 oaure! ueq..
B2—58+6 =0
B2—38—-28+6 =0
B-2) (B—-3) =0 p=2or =3
B=2T509E: GG B=2 YT IHIHU 1 T 33

1 2 1 : 3
(A,B)~[0 -1 0 —1]
0 0 0 : 0
AU z=t &%, Uddl(Row)Ry URH - y=-1
y=1

Gakil(Row) Ry Ugd  x+H2y+z=3
Z=t,y =1 %H\Q—q 3
x=3- 2(1) -t
x=1-t
WA, x=1-1t y=1 3&MUiz=t7g GoodrA-grafoi—ad Y8 GHIdHR0l Yurell IR 318 .
B=3T3aWE: & =2, 3T THIHRU 1 T 33

1 2 1 : 3

(A,B)~[0 -1 0 0]

0 0 0 : 0

AU z=t 33 . Gaii(Row) R U
y=0 , y=0

Uil(Row) Ri ORI x+ 2y + z =3
z=t,y=0 BIIT &3
x =3 -2(0) -t
Xx=3-t
BUH, x=3-t, y=0 3MMUIz=tg AooarAH-grfsiray Yy gHte o yord I 38
TRIARITS S&Tevur (Example for practice)
Q.1 fedear AF-grafoay Yt THidhRor YulTeltd R U, SR YETd S&d a) o Jiedl.

a) 5X+3y+7z=4 b)x+y+z=6
3x +26y+2z=9 X-y+2z=5
7x +2y+10z=15 3x+y+z=38

Q. 2 - THHRUT YU BT 1 30T B =01 Jeararat
a) HIUTdG! TR T8l (No solution) b) THHG 3TR( Uniuge solution)
¢) 3Fd IR RIS (Infinitely many solutions) § AU,

x+3y+5z=9
Tx H3y-2z=38
2x H3y+uz=
Q. 3 T A-graI-og YT THiR0T FurTel AT BIVAITS! k o e 3-dT 3101 &m k
Wm@w x+ty+tz=1

2x +y- 4z=k
4x +y+ 10z =Kk?
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2.9 grifoifraw vita Jefiewor yorret (Homogeneous system of Linear equation)
0! fGoe g-as §1a FHidmRo Tl g,

anxtanytasz=0

a1 X tapnytasz=0
az1x tax y+asz=0
IRIo JHIHRO YU A TWeuld Wole UhR fog bl .
AX=0
11 Q12 43 X 0
Y A= |G21 Gz A3 X= Iyl & B = 0]
az1 dzz 04z z 0
3{TIUR 35! TUIdT 456 b SR AX= 0, I B T I HIed 3@ TR ol gHoI-ad YT FHieor Jome
3d
S®/TA X = 0 He, x Ly ST 2 < gl UhTdl ded] FHIhRUT GHIYH <dTd, degl o YUl YRITd (consistant)
3 3T, Tt SRYII (inconsistent) YU TUEe! S,
ANTHCSHICHT (Augmented matrix) : SR AX = 0 , § HIca WRUNIIA A-gHATSIAY YU FHIHR0T
JUITel! 3R, dR AICHT (A, B) 9T $iHCSHICH (augmented matrix) 3 WU .
ﬁ%vmmﬂwwemﬂ%sﬁ@w (Augmented matrix)‘@'l?ﬁ%"m ST ﬁ@'w

aj; A1 Q33 : 0
(A,B) = 1A Q2 Az : 0
a3z; dzz 0Azs : 0
T Yt iR gt
AX =0,
I [
m=#n,m=n>3 m=n =3
1
——
| —
A) =p(4,B |A| =0
4 )r =p1(l ) p(A4) = p(4, B) |Al # 0 p(A) = p(A,B)
TUG/THHT JTR =r< i U /qeHd IR =r<n
Trivial solution/ _SHd . Trivial solution 3fid I
Unique solution Infinite solution /unigque solution Infinite solution

18Tl 2.24 fodt graifefra i gHiteor yorredt Asrar
2x+y+3z=0,x+2y=0,y+z=0
SR GO TA-aY Yeitg Fefieur gouret
2x ty +3z=0
x+2y+0z=0
Ox+y+z=0

feoo! TRl 3T HieTar WU (Matrix form) WTOIS UHR {7 21l
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AX=B
30T feoaar THIARUMATHITHCS HICRT (Augmented Matrix) TR B,
2 1.3 : 0
(A,B)~1|1 2 0 0]
011 : 0
S{HATT 31U (Applying) Rie< R»
1 2 0 : 0
(A,B)~1{2 1 3 0]
011 : 0
S{HAT 3TUT (Applying) R> = R2 -2 R
1 2 0 : 0]
(A,B)~|0 -3 3 : 0
0 1 1 0
SFETA SO (Applying)R> > — =2
1 2 0 : 0]
(A,B)~1]0 1 -1 0
0 1 1 0.
STHATT AU (Applying) Rz = R3—R»
1 2 O . 0
(A,B)~]|0 1 -1 0]
00 2 :0

AR ATIF = p(4) = 3—0 =3 AUIART 4, B) TMIF= p(4,B) = 3—0 =3
p(A) = p(4,B) =3 = 3Tdid IAT (Number of unknowns) = 3
WWWWWW@W(COMN%O 3Te. SSITs Y Fefie=or yoreier
THHT FR (Unique solution) 3G
q'il?ﬁ(Row) R; UNgd 2z=0 ~Z

=0
Uaii(Row) Ry UNgH y-z=0
y=12z ~y=0
Gokil(Row) Ry URGH x+2y =0
sLX =- 2y
. x =-2(0)

®BUH x=0,y =0,z=07% Cooar g Yiig TR0 Jurel IR 311%.
Serewur2 .25 e g Y wftevor yondt Trsrar
3x-y-z=0,x+y+2z=0,5x+y+3z=0
IR TG GIHITSITIE YW T Yool
3x-y-z=0
X+y+2z=0
5xty+3z=0
a0 THIEHRU U0 HicHTal WeUTd (Matrix form) W66 YHR [OF 2.

R
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AX=B
MUY GG FHIHRUMET HTHCS HICHRT (Augmented Matrix) TR .
3 -1 -1 : 0
(A,B) ~ [1 1 2 : 0]
5 1 3 : 0
STHTId 30T (Applying) Rie R»
1 1 2 0
(A,B) ~ [3 -1 -1 O]
5 1 3 0
SHHATd T (Applying) R = Rz -3 Ri 3O R3 - R3 -5 Ry
(1 1 2 2 0]
(A,B)~10 -4 -7 : 0
0 —4 -7 : 0
S{HCT 3O (Applying) R3 = R3—R»
(1 1 2 : 0]
(A,BY~ |0 -4 -7 : 0
0 -4 -7 : 0
STHATT AU (Applying) Rz = R3—R»
1 1 2 0
(A,B) ~ [0 -4 -7 0]
0 0 O : 0

AeagA=Idd = p(A) = 3-1=2 MUITHRET (4,B) AMIF=p(4,B)= 3-1=2
p(A) = p(A4,B) =2 < 3FIAHEF-AN Number of variables ) = 3
U feodt gfSige Yot THte o gt gt I (Consistent) 3B,
gAY Yt Tteur gurreitan $d S (Infinitely many solutions) 3{Tgd.

z=t &3 Gaii(Row) R U 4y -T72=0
__7 Coy=_2t
y =—32 ay==3
Gaii(Row) Ry URT x+y+2z=0 X =2z -y
7t
Lx=20-( )
_ -8t47t -t

4

B x==,y = —= , z=t B0 Hay g FHHR0n goreht SR 3.
TRIARITS S&Tevur (Example for practice)
Q.1 feodt smfrFra Yt Iefie=ur yonet HisTar.

a) x+2y+3z=0 b)4x -y+z=0
2x+3y+z=0 x+2y-2z=0
4 t5y+4z2=0 3x+y+52z=0

c) 2x-y+3z=0 d)yx3y+z=0
3x+2y+z=0 2x -2y -6z2=0
X -4y +52=0 3x+y-52=0

2.10 fﬁ? 11?& 3for ?ﬁ? TFRR (Eigen values and Eigen vectors)
SR ABInxn ?aﬁwfﬁﬁjﬂf 3d ST X WY%E‘FIQFIWEH%W (Column vectors) 3T,
AX=Y e 1
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8 ap &3 ——— ay |[x | [y, |
Qp QA» d3 ——~ n||x, Y,
anl an2 an3 - ann J1x y

n

grar 3, Y= A-X- For o, BT [ i TheR 318,

Y=1X
AX= A X
AX= AIX X=1IX
(A- A1 )X =0
e P [, | [0]
8y Ap-h Ay --- Ay ||X, 0
anl anZ an3 - ann_7“ X_ ;
B TGO AT Y T8 T FHIBR UM 10 3R 311G
|A— 21| =0
an_/1 a, a; ——— &,
ay ay — A Ay ——— ay,
D(A)= [A-21|=| _ - - _ |=0
anl a‘n2 an3 - ann_i

fAYR® (Determinant) TSaedR TGN SgUGT THIBRUT IGUH fHesal.
D(A) = A= 21| = ad +a A" +ap "2 +
TUT UTed oot SIgUd! THiaume XA gedhmed fqueH &

D(A) = (A =A)(A—=A)NA = A)-- (4 —4n)

a, - A a, a13 - a,
Ay Ay — A azs - Ayn
%quufﬁaﬁw ( characteristic determinant): = | _ _ _ _ =0
anl anZ an3 - ann -4
ay, A a; a; ——— a,
aﬁIWU;Uf Hf¢d (Characteristic matrix) = [A— 1] = I
a a a - a —A

JfRTeaquf §gUg (Characteristic polynomial ): D(A) = |A— 21| =a02" +ai A" + a2 "2 +_ +a,
aﬁlﬁqﬂfﬂm (Characteristic equation ): D(1)= |A - Al | =0
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a A" Far A" a A"t +a,=0
ARyl §9 ge:
D(A)=|A= 21| = (2 =4} A =A4) A —=A4)——- (A —4n)
A=A, A= ... A=n

2.10.1379 T (Eigenvalues) 99 @deX (Eigenvectors )TdT SIRST :
39 g (Eigenvalues): 37 O 81 9% THIGRUMSIT YU Yafid [y Whare 9 ied. a1 Jeard
S g UM T IR Sl 379 gded SUiaR HRUINITe! aToRel Sl JaYd S0 3/ 3.
A-V=\-V
Y, "\ BT TheR Hed HicH A 3 99 I 3T,
37 @deX (Eigenvectors): ST ®deR &l Y AaId ®acx 3Med, ST G HIrmg! YA FUidRul Hav
Saad ATg!, TRq Had Whd gid. JAST, A 1 "n x n" Hia Mg ST A 8T A I1 514 0 38, R V, Th A
T IR, BT 571 e WU e i, SR I WTelTel FTHIBR0T Yol Sl
A-V=AV

Y, V BT T A T 31 e 318, ST Tsifild S99 Hed A 31T,
g‘ﬁ?&?‘lﬁ !IUTHTf( Properties of Eigen value )

1. T (Trace) of A1 A B n x n HICH I, A oA faawuiiarial 9d Uil siol urel

TiCHT A 91 ¢ 3 .
Trace of A =ai +app+ aj3 +----—---—--- + ann

2. HiCHT §H Heard! skiol g HUITT gedhr] skiel TR,

3. TR TN AR IRY HHTH 3719 Hed T BRI Tedh HTed.

4. HiCHT 3 Yodd aiie Hicaaa My sRiek 3iTg.

MX Ay eeeeesnnnnnn x An = |A|
5. A Aieadd 379 Yo dRdfdd 3Tg .
6. SR At A2 5 A3 oo A RH AREH TEAMR RS- i
A T IRY e
7. TR KARIH T8 ki k A kA3 e, K An ST .
8. AT AT I §F Yo THM SR,
9. MamAr A& g A L " S .

tjﬁ-—r H?Ta 3for é‘ﬁ# T ATYUGTAT q@?ﬁ( Methods to find eigenvalue and eigen vector) :
a) Ao 3IT® 3MTS< 2 3for 3
YU A 3MTeR 2 T ARY Wy 3]

_ [@11 a12]
az1 Qp;
T freeagut wHiesT A-A|=0
lags aml=*[o 31l =0
a; — 4 a2 ‘ ~0
az1 Ay — A

? MuR® IHiwRU HIeq |, SMUGTST A 301 A, o Jou Mesdie.
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qgfdt (Alternate ): 3TUUT Ted UbIRa! S ]:E’_a ‘\’h?i[‘\’lﬁ
faeiean 2x2 ﬁi?a%r AT PRI (determinant) FTGT. |A| =ailan - an.a
AT &R : S = Head A =1 G fadwullaild gedhial aiisl , S1=ai +an
AT Welld GbR A A IgUc! GHIDHRU TIR B .
2 s 4 +|A =0
T THieRUI AIsq |, SUGTST A, 3N 2, = gou feds.
b) HERT 3T TS 3 (Matrix of order 3) : SR A Bl 3f1ex 3X3 I ARY Aleaq 3Te.
A1 Q12 Qg3

A=|021 Qa2 a23]

a3; Q32 dzz

7T afrsearquf wfieor - IA - Al =0

ai1 A1 Qi3 1 0 O
az1 Gzz ax|—410 1 0]l =0
a3z; dszz dszg 0 0 1
a11—’?b ) a3
az1 QAyp— A ass =0
a a a
31 32 )

? HIBRUIISq, , SMUSTST A1 Ao 30T A3 o o Wesdio.
TaRft (Alternate ): YU Wed UHRG! 309 o4 MY X :
faoiea 3x3 "fiead Ad YR (determinant) &I H1aT .
Al = ay |a22 a23| az1 a23| az1 a22|
azz dszs azi1 dszs az1 Qaz:
a11[A22033 — A32023] - A12[A21033 — A31023] aq1[az1a3; — azqaz;]

JR S = g fqPpuiaiia gedmidl skl .

-dqp | a3 |

Si = aq1 taxtass
R Sy = ay; TORA Gl +a,, AR A + a5, A0RD 4.
_ |a22 a23| |a21 a23| |a21 a22|
- laz; ass az1 04szs az1 04szp

3T Welld YbR A T IgUud] GHIBRUI TR B
A —s, 2 +s,4 —|A =0
TUMBRUTIST , A1 Ay 3T A; T HRT fHadis .
IaTERUT2.26 farea Wi IRreayul axfie<or e 4 = [‘; _12]
IW: AU TYHA AR A o Ui g $ig
4l =3 = =@ -6x2)=4+6=10
T HE : S = A T TH [dH eI gedidr skl .

Sl = all Elaas W +a22 aaa5 W
~1+4

=5
3T Wl YbR A T IgUcl HIHRU TR B,
2 —s A +|A =0

Maharashtra State Board of Technical Education 55



Hdfes vk w=ii= @ffm-314320 Mathematics for Machine Learning -314320

A =51 +10 =0 g Hiceyd dfRreeayuf FHieur 318 .

Sarevor 2.27 R ARwwd SR gmd e 4= > 2
SR YU Y ARreeaqul HidR TR He

A-2|=0
5 2 1 0
”2 5]_/1[0 1”=0
Pl
2 5— 4
=6-MGB-H-2)@2)=0
= 25-50L-5L+22-4=0
= )2-10L+21=0
=A-7)(L-3)=0
M=T7,h=3.

fRAerdfee™ A =7 8nfr a, =3 <09 gD 34
Uit (Alternate): U0 Wed THRe! 579 o4 QY bl .
AU gy A A ° FuiiRd gea &g

A1=]5 2= )65 -@)1@ =25 -4=21
T HE : S = A A =1 T& [AHUllaRid gedhid! siidl .
S| = a,, 9¢H A +a,, b T
=5+5=10
3TdT WAl YR . A TgUC JHIDRU TIR e,
2 s +|A =0
A2 -104 +21 =0
gUC! THIER I8,
(A-7)(A-3)=0
M=7,A=3.
feaenadfcRd A =7 31 A, =3 S I33 3ed

ISTevuT 2.28: fedeur dieewa §99 gq@a =Y A = i g }]

1 2 2

IW: Gaendalcd™ A=|1 3 1
1 2 2

T HE : S =HicH A & fAHuiaiid gehid! saiiol
S| = a,, 9¢H O +ay, B A + a5 IeH A
—2+342=7
S: = ay;, TORY A +a,, AGRD Gl + as; AR T
oA R R R
=[3@)-@@)] + [(2(2) - (M(2)] [(2B) - (D(2)]
—[6-2)] + [4—1] [6—2]
—4+3+4=11

221]
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faaea 3x3 Afc AT FURT (determinant) J&T FTaT .
L3 1] 411 1 3
|A|_2|2 2 '2|1 2l " 1|1 2
2[6 —2] - 2[2—1] +1[2 - 3]
2[4] - 2[1] +1[-1]
= 8-2-1 =5
3T Wrellel UbR 1. HE gguct GHIBRUI TR
A =22 +s5,4 —|A =0
A -T2 +111 -5 =0

gt afemm dreg (4 - A ~62+5)=0
(A-1A-1)2-5)=0
M=l A=1,A=5
feorem dfeama A1 =1, A, = 1 3N A3 = 5 379 Yo 3M1R.
ISTEIUT 2.29: fedwar HieRT™ 39191 Y& (Eigen values) 3719 @deX (Eigen vectors) RITe:

_[5 4

A_[1 2

I e vfeay A=[i ‘2*]
SOOI T fRrseaqu] SHieRul TR B
A-M|=0
G 21-#1 3l -0
e

1 2-4

G-HE-H-BHMD=0
10-5L-20+22-4=0
M2-Th+6=0 (A-6)(A-1)=0
M=60=1 RoendRemd u=1 o= 6 9953 M
31Tl 3T fedte Afead A =1 3 =6 S HEd IS I R MY
ST oA A6t b = 1
qUe \ = 1 AN T e V1=[;] M RFR IR
A= 178 Yed Wrell feciean gHipiae .

S [E
MYTaT fHosd,
[511 Zfl][;] =0
[ 361 [
AT 3O (Applying) R, — 4R, — R,
[o olly] = lol

4x +4y =0
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Uodll (Row) Ri ORI x+y=0
y=t & , AUA@Ix=-t [H5d.

WU A = 1 A G, v =[] E R TR
=1, TR g, € @wr vi= ] = 7
M= 1, WET TR, ®eR vi= [ ] wem

g’ﬁ:lﬂj‘?aﬂ'IBﬁM=6

gHIT 7»226“@7[715?&%, sz[;c,] ﬁ‘l%w&ﬂ%

A= 68 Hed Wil feeiedr qHiaived <lp

[5_1/1 2—4/1“;] -’

[516 2f6”§/] =0

7 2B = Lo
S{HTd 31U (Applying) R, = R, + R;
— X
01 g] [y] - [8]
Gakil(Row) Ry Ugd , -x+4y=0
y=t 8% , YRl x=4t fHsd

RUH Jy=6 W god et VZz[tt] T RFR TR B
=6 , UIH TOUEE, 9 /IR v = [tt] =t[;}]

ho=6, WEH FEAWR, I FIR = [ || TR
RUH feden Hieaqd Li=6,0 =1 TSI I 3ea.
3for V1=[_11] , VzZ[Lll-] S IR 3.

3MyeTdr [,

1 0 -1
IGE012.30 A AR S gq@ad=mer A=(1 2 1]
2 2 3
y 10 -1
SW: foqerdic 4=(1 2 1]
2 2 3

T & S) = HicH A = T fadhullasid gedhid! axief .
S| = a;,9CH A +ay, UCH I + ay; GCh oA
= 1+2+3 =6
S) = a;; TARA G0 +ay, IORD G + a; AR A
12 1,11 -1, 11 0
_|2 3|+|2 3|+|1 2
=[6—-2)] + [3+2]+[2-0]
=4+5+2=11
faoiea 3x3 A AY YR (determinant) T&T H1g.
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2 1] 1 1 1 2
4] =1y g -0y 5l 1y 3
=1[6—2] - 0[3—2] +1[2 —4]
=1[4] - O[1] - 1[-2]
=4+2=6
3{TAT Wreitel YR A Hed IgUQT JHIHRUT TUR = .
A =52 +s,4 —|A =0
2 —6A2+111 6 =0
gUS! THIHRUT A8 q, feiedr Hieadd & =1, A, = 1 370 A; = 5 ST @3 3R
IETEROT 2.31: faeiedn Hicaa=a &F ST Jeid TUITGR 16 318, R TR $79 g 20eT:

6 -2 2
A= [|-2 3 -1f.

2 -1 3
6 -2 2
IW: aendfes®  A4=|-2 3 —1]
2 -1 3

HHST A, A2 ﬂTﬁfb%mﬁngﬁqwm

TR SIS Hifgd 378 fob, Td S99 HeTe UMHR = Hic R HURS I,
M X A X A= IAI

W 3ueren oot smefd |, ux a2 = 16

6 -2 2

-2 3 -1

2 -1 3

6[9 —1] - (-2)[-6+ 2] +2[2 - 6]

[8] +2[—4] +2[—4]

MX X A3 =

)

MX X A= 32
16X A3 = 32

== =2

R e dfead faR S g A = 2 90T8..
ISTET1 2.32: fdea Ao SH 899 U 1 3], R A 1 Hieaq §99 Yoo e .
2 2 1
A=[1 3 1].
1 2 2
2 2 1]

S fedendiesd A=(1 3 1
1 2 2

TS M, Ao STOT 2 ® feoien Hieerenr S99 4@ 3iRd.
TR ATl fa 3iTg fos, 3F ST 5 1 31
, A= A3 =1
WY YTl Hifgd 3iTg fob, S Yeaidl 98 = gw ol gesiat adiel
M+ A3=2+3+2
MAI+H1=2+3+2
Mt+2=7 MmM=7-2=5
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fererea W= Ay = 1, A = 1371707 15 = 5 399 o0 3.
SR Hiad AT S qel 0, A, S0 2, S, RATHAQETH =, =
Sfr — oRAdd . AT AT o, o o o aed.

1

Q1. e e Afreeaqef wffevur2hen 4 = [ 2

3 4
Q2. i AR e S99 ol e : A=[i g]

Q3. fadiear Afeaad 79 o (Eigen values) 379 ®deX (Eigen vectors) RITHT:

A:[; —31]

References:
1. Higher Engineering Mathematics by H. K. Dass, Er. Rajnish Verma [S. Ch3{TfOr Technical,
ISBN: 9788121938907]
2. Higher Engineering Mathematics by Grewal B. S. [Tata McGraw Hill Education, New Delhi,
ISBN: 9789386173522]
3. Engineering Mathematics by A. C. Shrivastava, P. K. Shrivastava [PHI Learning, New
Delhi, ISBN:9788120342934]

Maharashtra State Board of Technical Education 60



Hdfes vk w=ii= @ffm-314320 Mathematics for Machine Learning -314320

gfe -3
I AT T

(Vectors and Tensors)

faug o=t (Course Outcome):

CO3: IR AT TRIRAR YR FAHT TR BT HRUAITS] TR TR B

Ued Ao (Theory Learning outcome):

. R o™ ﬁfﬁqu (Magnitude) 30T fciedT ®dexal d (Perpendicular) SIS e RIC QM.

. ®geE fermfAdw EUﬂ?IT (Direction ratio) ATTOT fe=M S IaTE—Te (Direction cosines) TTUTHT DRI.

. GF RN THER SIe (Scalar dot) UTSaT TN,

. GF RaeHENd B (Angle) THER 3¢ (Scalar dot) HISTE AU eI,

g IR Uh] Baed WoiaRH (Projection) M,

. aH %?E'{_Tﬂ %EET HIg (Vector cross) UlSae TNYT.

. T RaeHdd B (Angle) I B (Vector cross) UiSde aTae e,

. QIR THR E'QFT (Scalar triple) Uigac TN

. QTTOTTeAT YR ¢aRd! (Tensor) TARSAT B

3.1 T3 (AI)GITﬁT THUA(ML) mﬂa%w 3ITioT === uR=rg (Introduction to Vectors and Tensors in
Al and ML)

3P @W@W@W (Atificial intelligence) 3ffor A= @ (Machine Learning) T gIR IIBETIUT
YD1 SoITadld, deR 3ddb Hewrd o 3Tgd Il Bl GBI HRUI Y 3HTgd. fa=Ivd: U €81 (Computer
vision), Ffifes yrer ufgsan (Natural Language Processing), SRSATHPB gfaffda (Numerical Representation),
TEfET ST YHMAT (Embedding Data Similarity) 3{dR AT (Distance Measures), ®TI&H TUFT (Efficient
Computation), PR TUidR (Feature Transformation) tde WO 7 gfafAfda (Representation in Latent
Space) 3TFOT SR PTo.

W §@TIT'|T (Atificial intelligence)) SATFOT A=A AT (Machine Learning) T TR SMYIBRBYU 7 l;I\UIr
3Ted, faRvd: T AT (Deep Learning) 3T AT Aead (Neural networks) AL T U, TR §
AfedT (Matrix) 30T Raex Hed! SRR FHMNGRUT 318, BaeR § 1| STAHTRAA 3R (array) 3R M0T
e 2 SHUARMA 3R(array) 3fed. 3= SMMHG (Higher Dimensional) Sl AUl &1 &l T
MY Y3 RECHAE TS Hd.

3.1.2 TH R ATIOT %TE?WIT% ATAT (Definition of Scalar and Vector Quantities) .

a) WhHAX BIeel (Scalar quantities): IHeR BIfccl gf fhivipa Hiec! g MHY Had HIcgs
(Magnitute) 3fd 3TOT HIUCG! fG=M(Direction) . WheR THTIT ATHAERSATIHTIG SRiol, TG, TOMHR
SFOT HITTH R W VilG Klehdld.

ISTEI 1 : Wieiiel Sifecian faaR &

&AM (5 f%), AU (20°C), 3 (10 Yoba), AT (50 HeR/RAdHE), Heit (200 S[eE),

ISV 2: ARAAS T 5, -3, 0.75, 1 Td Wha 3Hed HRU ol hdw Thd SHD Hed 3Ted SaTHed
= e,

JETEXUT 3: SIfed Y- 3+4i (Th Sfcd TheR) quid Hla! MU AfeorHe IhaR TUH HHd! SIS, .

b) @FER DIl (Vector quantities) TacR iic! gl fhioIdhd Bifec! g SUHE AUSLS (Magnitude) d
30T fa=M(Direction) Qe SRIATd. 30T o TReAT fdhaT QUM = U1d Hig S, SAH el (D) ST
fa=m (3MRTLTH) SEY SRdTd. R THIRIG: 3= YU UffAfiE HRUGRIE aToRd ST SaTd $d

0 3 N L AW N =

Ne)
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Hedh AT, S I R, 97, AT RIS 9d. aex U SIS SIS YT, golldd Siig [dhdld,
Dimention) AT0Re+ T0Tel ST, e,
IEIEVT 1 : fARITTT (displacement) (5 Hex SR &R, AT (velocity) (50 Hi/AHS Id fa=M), §@( force) (20
W“@Wﬂﬁ%—‘?ﬁ), 0T (acceleration)( 9.8 ﬂ’r/@mﬁrraﬂaﬁlﬁ), AT (10 Wﬁ@ﬁm%@ﬁ) B 9d TR
YAV STgd SarHed fa= Sl Hfcs argl ST,
JEIEIN 2 : 2D A& V = (3, 4) BT 2D ARIBTA ddex gRifddl. gedh 3 30T 4 TgUrS x-Ufaad (Axis) SATOT
y-UfRIT (Axis) IR 3reiell AT,
IEEIUI3: 3D Jex: u = (1, —2, 3) BT 3D SfRIBTNA daex SRIfIa SaHE U x |, y, T 2 U
(Axis) dX AHdId.
3.1.3 ﬁ'ﬁ@%’ﬂ'ﬁ 3ITH %ﬂ?\' (Representation of Vector)
$UIHE BIH (Component Form) TUMMY, aex AHRIG: WS HiHd eUd (Ucdh) UM GRIfda SiTd),
ST T ST A=Y WOl (Co-ordinate system) fafRry Tfdaear (axis), ®@dexd &I (projection)
GRICG]
1. 2D IR Rugler™ (2D Vector Representation):
ITERUMY: BaR v = (3, 4) TEU X-31&TaR 3 e 3fT y-31&ar 4 JHe 3MTed.
2. 3D %R RUSICRA (3D Vector Representation)
IRy - IR v = (1, -2, 5) WU x- Yaqaar 1 e, y- TR -2 gfie
3T 2- ﬁ’@ﬂ?ﬂ 5 {[ﬁl_c' 3‘”%3
TP QIR Bl T JIb I WM =il Sd S P, PQ. STUMET el P U Q Tcrlt famm e=faa
Rl diel A Hiiegs axiad. Hefiedt Raer v fhal V IRe T 3ieRM g=ifad Sdid. @dess Hiieds
V| fdraT e v A gRifad S, o1 |V| T8Ure! AT (modulus) 3R

/Q

P
Fig.3.1: ﬁ'ﬁ'@%’ﬂ'ﬁ 3TF FFex (Representation of Vector)

3.1.4 FERE ﬁﬁ?ﬁ@' fdar ﬁ@ﬁﬂ (Magnitude or Modulus of a Vector) : YHGIT X, Y 30T z § T
Fig3.2 T TRGE@MHET ®dX OA , OB and OC T HRICIS 3Med. HIedhH FPBIUT OAQ, AL,

URYNTREA JHOEAR: 0Q? = x2 + y?

'/[’1
/
C
N
Pxy,z)
L .
k 2
27
= L —> 3
<« o Xi +yj
=L Qix.y)

X
Fig.3.2: @ded ﬁfﬁzqs fdar n‘l'?;gaw (Magnitude or Modulus of a Vector)
T4, HIeh I FHIT OQP HeH, MYaTal fHad:
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OP?=0Q*+ QP? + OP*=x+y*+ 7*
Irl= OP = Jx2+y2+22
RMUBRGR. r= OP =xi +yj + zk
T, A8 s 1] = Jx2+yi+z2 UGN Fled Sl
SR 1= (x2—x1)it(y2- y1)jH(z2—z)k
R |r| = \/(xz —x1)%+ (2 —y1)* + (22 — 71)?
3.1.5 X-Y @9 afia %RW P (Component of vector in X-Y Plane): X-Y SRR %T:IE?%[ Eﬁ‘[
BT 3Med
1. BRIi<d HIA< (Horizontal Component)
2. Bichd draH< (Vertical Component)
ET, @I feded Sidpdl- 3 AW Uh @R r = PQ SO URE 4G P(xy, ya, z,) TR MR M1 g fig
Q(xz, Y2, z2) KR 3’”%
37T, X-UfRIEraR PP 30T QQ1 TT AichT XN g US.
IR P'Q' = x2- x1 =PQ = rdl x-Uch 3Te.
qUd P°Q°=y,-y1= PQ =r O y-°Ucdh 3Tg. %
AMEYAT, z,—-21=PQ = rdl z- U 33 .
WR7 = (x2—xX1)iH(y2 — y1)j*H(z2 —z1)k R
r

—

= PQ = (X2—X1,y2—Y1,22—21)

SR (—

) S SRy o

Fig.3.3: @ A¢fid @aed S

disaad Jcle}Ul (Examples):
AU 3.1: SR Pi = (3,6, -2) 3T P2 = (5, -4,3) 30 R R = P, P, 3 Y¢S B 3Ted PP, 3
UTH i, j SATIOT k WA TFAUT BT .
SW: fadd P =(3.6,-2) =(xuynz) T Pa= (5,-43) = Xz, Va2, Z2)

mfﬂ X-Ych = xp-x1=5-3=2

PP, Ay-9CHh =y, -y1 =4 - 6 =-10

PP, A z-9Ch =25 -z1=3+2=5

PP, T UCH i, j 30T k T THIUN &,

Dbz = (X2 —=X1)it(y2 — y)jH(z2 —zk
= 2i -10j+ 5 k

IIERT 3.2 fade faevdl URIeys (Magnitude) INYT: @ = 2i + 3j + 5k
SW: fAdd ®dFRX 4 = 2i + 3j + 5k = xi+yj+zk
al = YR +yr+z?
lal = V22+32+52
= VA+9+25
lal = 38
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fadied gaexdl AUcdg (Magnitude) = V38 3%
3.1.5 g farmf~rd=T Ui 3for fa=m wiag=at (Direction ratio and direction cosines of a vector)
1. B fe=mf=E=T UNRR (Direction ratio ) : SR TEIGT@FR A = ai+bj+ck faid Bde sfid R
A% a, b, ¢ 3FIHH x, y and z TRTY A Ueeh MR, BUH A o G UIRR ( a, b, ¢ )3MRd.
I SR @aex 4 =3i-4j+5k 3R IR A femnfdwr uiR (3,-4, 5) 8ii_a.

2. aeYd =M HIAIS=ad! (Direction cosines) : SR TWGI a4 = ai + bj + ck UM faar I SR,
Y a, b 3T ¢ B 3THH x, y AN z LR o e 3R, TR AT e (G- HIAR Qrenavar fae
KIGIGH
WA G AU pdexd fa= SR dled .

cosa=1=% , cosf = m=g , COSY =n= %
SY rgl g 4 dl Uy 88 r= Va2 + b2 + 2
Tisaad I&TevuT (Examples):
IeTERUI 3.3: feciear faedl Aitegs (Magnitude) 3MfOT f&=T HIATST (Direction cosins) VLT
A = 3i-4j+5k:

W fead ®FRX A =3i-4j+5k:
AL (Magnitude) : r =/32 + (—4)2 + 52

= v9+16 + 25
=50 = 5v2
fa=M IR (Direction cosing) : 1= & = = |
r 5v2
mot _t
T T 5y2'
e £l 5
- r - 5v2
faciedn gdexdl Aliedg (Magnitude) = 5v2 30T fa=1 ®IITS=ai! (Direction cosines)
3 -4 5 &ﬂ%a

5V2 's5v2' 7 542
BETE!‘UT3.4:E$GNT\/_%R\'/;V Qﬁ\/%;T%WTiﬁﬁ@Egg (Magnitude) 32 3for fa=m #1189 (Direction
cosins) g,_garrﬁTg 3R .
W e ae it diiegg r= 32
3for fa=m SITg=adt (Dirction cosins) | = g, m = ?&mﬁr n = ls 3Ted .

cosa=1I1=

® wlu
1
ngﬁlg

Il cluvnw
X
w
N
1
N
o

Sy

GRE cosf=m
b

I —
8 32
b = ‘?3><32 = -12
GEE] cosy=n= =

8 32
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c = Zx32 =28
8
SIS S Rdex V Hlerds 38 A fA=nfAder umR (Dirction ratio) 20, -12 Tf0T 28 3MT8d WM MUl

W RIR VHRIad =20i- 12+ 28k 38

TGS BEIe¥ul (Example for practice)

Q.1: feciear |ael frﬁleg‘s’ (Magnitude) 3TFOT fa =M DTS et (Direction cosins) 0T:

a = 2i-4j + 2k
Q.2: Uh 3l IV Qﬁwﬁ?mﬁﬁﬁ@g (Magnitude) 25 30T =1 SIS (Direction cosins )
3.2 2 ®Fe™ UPR (Types of vectors):

1. %RT (Zero Vector): Y[ %TET Bl Uh %EET gl STt IT@IEQ‘S’ (Magnitude) [ 3 3T
Tl URY foig i TaT foig THuRd 3RdId. U= Wsaid AB Wia! Uise A @ disfiae fag B
THTOR 3Ted @R RIR AB A1 YT Raex e ed Sld A0 I Raex 0 7 R e Sifd.

2. gﬁ?%ﬂ? (Unit Vector): W%WETW%W 3l Gqﬁﬁf@ltﬂg (Magnitude) 1 31¥d agﬁwa?
Hfiregg PP 7 rar S fexm Ay arvarmedt arRedt o, gfe ®aex ImRia: "ge famg (») fda
e 3R UM a=iad SIdTd Sardl 7Y 1 3. MUcIdhs ®aek a = (x, y) AN U I T
HRICISTAR fAUTioid & e dacx -1 Xdhdl. fede @actid gie mdc? HIeuard 3 @ieitd yHTor
3B,

a
@l

Fig.s.;;;%tf%m
3. TIfST=I 3R (Position vectors : SR @dex 04 ¢ ¢y Hrugrardl arRa oird . A fageh Rt ga=a
fag
O =i Haiftd offg g iy HRuamTe! aTRe SiTd. a1 OA @1 HIRSH WU Teiid A 9 UifeeH ®dex  TgUdN.
THet Y @ = OA 30T b = OB § 3FIHH A 31107 B TITRM ®aex 3M3d. @aex AB Wreiiavm feifa
BHE abvell.

Y

O

Fig.3.5: Nf3=M /a3
3TPl- 5 T=A OA +AB =0B

_— —

AB = OB - OA
a

AB = b -
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3. g9d @R (Equal vectors) G @I a 3 b AFADHs 3hd HICs MU SRGRH SRR
Zeh ol SR T8l Ofld. SR 2 30T b 3hd QAR AA TR a = b
4. TE®H aeX (Like Vector) : lGdedl Qaeddl d3d wdcd 3 WBUMM W@ didhs T fa=T (same
direction) 3T, A HRICIS (magnitude ) BIEE! 3R b . 3P - 6-H AB 31 €D Racy
5. @FeYdl TPRIAD (Negative of a Vector) : ): BA @ AL R TBRIAD (Negative of a Vector) 31
I, ST G ereaul FHI 3¥d, mmﬁ%‘mq&sﬂwﬁﬁeﬁ&mﬁ
el R Fig3.6 78, BA = -AD

Fig.3.6: m%%anﬁr%mww

6. JHHTAR 3ATfoT Eﬁﬁﬁm%ﬂ?( Parallel and collinear vector): %?ET a 3nfor b HFIR 3 &Gdrd

SR HIUATE! aRdfdd n TS Eld Gey arede®@a,n. 2 = n . b
a. n>0 XA, R @aeR 2 AT b AT T =M 3R,
b. n<0 A, W IR a A b FiAT faRieh fd=m e,

7. BI-FRRIT @ (Co —Initial Vectors): HI-IAIRIIA BacR 3 Gac AN suidl URY (F=drd) foig
UM 3/l Tur g f=M(Dirction) fdhar AT (Magnitude) ATt 3R XavdTd. SR g fdhar 3ifid Rae?
T fdgae & 8Id SR, TR I BI-S1R1Ad e BUIdId. SaIgRUNY, ®dex OA 30T OB § Pi-
SRR 3Mgd HRUI T alal fig O TF = gIdd.

dsadd 3aleXUl (Examples)

ISV 3.5: feciear fe=ar feRA sRyeie gfie @ (Unit Vector) =T @ = 4i + 3j + k

SR: G @aeR d =4i+3j+k =xi+yj+zk

@l = x% + y2+22
= Vi6+9+1
ld| = V26

4 . 4 . 4

T e el e

IIERT 3.6: Fedien Faev=ar fa=H sRyaer Uy S/ ARicyg 12 318 34T @dex JMT:
a=2i-j+2k

IW: fodd ®FR d =2i-j+2k =xi+yj+zk
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ldl = 22 + (1)2+(2)?
=Vi+1+4
ld|=v9 =3
feoien @aced giic e [Ieid THT0 38,

@ 2i-j+2k
ldl 3

Rack W Ay 12 318 = 124

128 =12Gi- 2j+ 2k)

¢ = 8i-4j +8k
& @ = 8i-4j +8k THR UM HRICS 12 3N
IRIGITST BEIe¥l (Example for practice)

a) faden gae= fdRM Sreiell TR STd HUCE 7 T8 31 e’ eT:
d=5i-j+2k

b) SR P(1, 2, 3) 3T Q(4, 5, 6) ¥ g 3rediar, R P¢ Rae=ar o= Sraaiel gfie Iaex Tel:
3.3 e SISFTVIG (Algebra of vectors)
3.3.1 1 e AT S (Addition of vector)
%TET CRECIRECILRE UL (Triangle law of vector addition)
IS Fig.3.7 AR GREGRT] YHION 2 S0l b HivIde! Gl oy 3fied. g A RasiSuiee d = 04 st
figCRaS@®@bp = AC RFRR 7 and b AW, d+ b T BIRR 0C 33, 3R UBR & I
R 7 and b & B am (Triangle Law of Addition) dTURs = Il

a
Fig.3.7: @eX axordT fAwivr fFaw
3.3.22 WRTAGHITH ﬁ'CITI'Iﬂ'\‘IT CLiC] (Parallelogram Law of Addition of Vectors) SR G e} YA 3R,
R I FFegs (Magnitude) 30T G- (Direction) &lvel T ST, TR d Th U AT THIAR ST
TTelt faeiel Fig.3.8 A URTIAIITH OACB &9, 3T0edIdha OA + AC = OC 318, UUT AC = OB 30T OA + OB =

OC 3lg. R AT THR 4 oM b 3 IHMAR 30T e SRR ARegg (Magnitude) ST fe=m
(Direction) TR G Sacdid o9 RUST &d 3dld R Al aiidl @ + b e 119 1for fa=m g&
MR AgYSTr foRed Y8 gRiae S .
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ol - A
Fig.3.s:ﬁ’vrﬁ;ﬁ1:mﬁmﬁwéﬁﬁ
3.2.3%@3W(Subtraction of Vectors): :waﬁr%ﬁwmg.w H@E{I@W THO SR %T:ET
b B ddR 3 Dg dol BT A TR Iidl TR B a- b 1458 Ybdl, ®aeR 3 and -b olgH.
IR -b U RaeR 31 SNl el JHM IO FHIR 3HTg U AT 3R — b Ao e a=ifaa
T RFR 7 M - b BS-g-cd MIHIGR TS o1, Jehdl. TUH, I8 AC, TRHATT 31fdr fam med,
aed RUSedd a-b.

b
o _ B
— —
a+(—b) -1
Fig.3.9: e qollara!

3.24 %32?% TUMPIR W’s’ ( Multiplication of a Vector by a Scalar): U®h a %@ﬁ @TRT STTOT A Bl
THTR 3. TR A @, BT Qa0 WheR AT YUIHR WUId ¢ Bdex a1 A WhaRA UMHR HR0L.. § A& ddT
DL, A ¢ <TId U QacRalg, S, @ Bdexdad THM X8d (Collinear) 3Tg . ST Tdh ®IeR d THT WheR A =
TR bl STdl, degT A ¢ 81 Bdex T ¢ el A X8d (Collinear) 3RA!, TR Tt fa=1M A =1 TR
AT 3Id: q89, ®ICRX Aa o1 URA | A| IT ddeR @, =4 YRHTOMAT SRS 3G, TUH , |Ad| = |A]ld] A
THeRA Th iR OMHR HRar YHfas 239 fod S,

A »
7y A
Fig.3.10; @ UMHR THaRIE
@I A = — 1, ART A d= —d, S U QRN 3ATe SaTd GRHATT ¢ =T GRHTOT THH 37T 3101 Tl fe=md =1 fa=ien
I 3T, IR —d AT QR i I TPRIHD (UfSfew 37ed ) ae WUdId 3101 MucTdr AgHd i
a +(—d)y=(=a)y+a=0

TRTATTS! SEIEXul
Q. fedear @ae=ar X feRH sIad gfie @R (Unit Vector) RNHT:
d=2i-2j+5k b=2i-j+3k

3.4 T QI W (S1¢) Uisae (Scalar(dot) product of two vector):
SR d =aji+ajj+as k IMT B =bi+ byj+bsk T @R M.
R d. b = (ai+aj+as k).( bii+ byj+bsk)
G . b =(aii + asj + ask).(bii+baj +bsk)
=aiba(i.i) +aiba(i.j) +aib3(i.k) + acbi(j.i) +achs (j.j) +azbs (j. k)
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TR @d (Mutually perpendicular) e @FEITTS!:
1.0 = 1 j.j o= 1 k. k =
i.j= 0 Jj.k =0 k.1

Il
o =

d.b = (a)(bi)+(a)(b2 )y as)(bs )
JCMEI3.7: SR d =2i -3j+4 k SMOT b =3i+ 4j+2 k A¥=MYT: @ . b
SW: Qdd ®FR @ =2i -3j+4k ST b = 3i+ 4j+2k

Then d . b =(2i-3j+4k) (3i+4j+2k)

=(2)3)+(-3) (@) + Q)
=6-12+8
i.b =2
IRIGITST BEI8¥ul (Example for practice)

—

1) SR d =3i+4j+5k M b = i+3j+k WMWY d. b
2) R G =3i -j+ k MO b = i+3j+k MU (@ +b )d-Db)

3.4.1 TPHT %HEWT Rl %W IS CoC (Projection of one vector on another vector):

T @Il feaen Fig.3.11 A& PQ @R feaen Faxid X | =21 faRikht ¢ & s=fadl, S Sdedn fav
(Anticlockwise) 3{Tg. TR, PQ @aexdl Wl | a3l UISiaRH (Projection) G 3. STt ﬁﬁf@[@' |Pg|cose
3. TG, o q 91 Q=11 W) =7 fGRRf T 3. USiaRM e 81 6 HIFT6R facig SRId, Mol §
BT UISIaRM dex U 3Nesddl ST,

Q Q
A o
I | 8
_ 8 | I L 14
P - C C ? P
0°< 8 < 90%) (90'< B < 180"
® (i)
- 8 8 —>
C q 3 N 9 C I
1 p N I
I £4 N |
(1so°<cé <270% @70°< ax 360%
(i) S
Fig.3.11: @ Woa=HA

&Td %‘clT(Remember):

1. SRPIR P g1 Gid W | =7 R 6 = 0 P §HfAd 3R™d, IR P@ d1 WolaRH e PQ
Wa:d ged.

2. SR®IR PO o1 e W | =1 A==l 6 = » HF sHfad 39, R P o1 UIoTaRM ®dex QP
GEN

3. SRedex P Bl i W = et =2 0=2" P SHlAd e, @ P 1 IR

IR T B4
4. TP Qdcd UolhM GOl GdcaR Moo YA dIU HIGo! Sidld.

D) RIFER G d QA b IO NobIH = |B|b

Q
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i) DRI P A RRR ¢ T ToFHEH :“iaf’
Tsad Igre’vl
ICTEUI3.8: [AEY d = 2i -j + 3k AGAWMARRI b = i - 2j + 2k I WD el
JW: fedd /IR G =12i-j+3k 301 b =i-2j +2k

RFR G FRFR b T T = amb - al'gl”
: b = V@7 + (-2)2+(2)?

— VIT4+4
b| =9 =3
GRS a.b =Qi-j+3k(-2j+2k)

@1 + D 2)+3) ()
= 24+2+6

- >

a. b =10
RFR i d IR b WG Poipzd = L2
RFR § J IR b a0 Uiz =

JCMER3.9:SRad =i +j + k AN b = i-j-k AN B 3ellad R IPFR b ¥R d@
TS USIHIA Blel
JW: : RAd @R d=i+j+k S0 b

RIR b IR @ W oA = =

i-j-k

ld|l = /(12 + (1)2+(1)2
=Vi+1+1
ld| =3
T d. b =(i+j+k(-j- k)
=M@ +OEH+HMD) D

=1-1-1

d.b =-1
QIR b RIR 3 WS MobaH = aimb
RIR b TRIR G RS USHIA = —

3.4.2 GH I A PIF WheR (Sic) TUMHRMET aTuR H( Angle between two vector using scalar
(dot) product):

G AM-RRI dgeR @ oNftT b’ a1 WheR OMHR (dot product) 7
Gt ffdet St a b = ||| |cosb. L S
3y HETaTE?&Gﬂﬁ[bﬁ?ﬂ]@.eﬂ%(range)OSGSnWﬁ Fi
|E&ITd SaT(Remember):

a. G el THeR S1¢ (Scalar dot) WSde B TdH WhalR SR
d. b WHeR AR BRU  |d|,|b|, cos 6 & Td WheR g,
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b) SR @ MM b’ § &F FH-RIRT Taex i, SMfU SR ¢ . b = 0 3Rd R fead
R 4 AT b ‘I@Wﬁ—d(perpendicular)&mﬂﬁ .
a. G GIR g M b Aehd S o Wiclid G dIUFA Dl Sl :
Cos = — or 8= cos™! [I;I.-Igl]
Hisdd Sarexu
W@T&lﬂ:%@@ %WTI’ =4i -3j+2k T b =i+ 4j +4k'Q37_ﬂ$i7'|T ?ia(Perpendicular) SIT%T‘T
31 T,
IW: fodd @IeR d =4i -3j+2k 3O b = i+ 4j+4k

Ql
Sy

=
=

—

. Db =(4i-3j+2k) (i+ 4j+4k)
=@M+ (3B H2)(-4)
=4-12 + 8
=0
ia.b =0
A @I a 31 b’ o WheR Sic (Scalar dot) U8 QB:[&H% )
- G B THHBH ad (Perpendicular) 3R
IeTE03.11: RAd R @ =i — j + Bk M b = i+ 2j- k UPHABAET & (Perpendicular)
SRTAT aR B ° Yod PIel .
SWR: fedd @FR d =i-j+ k ,b=1i+2j-k
SR d. b = 0 3AM fdoid aeR d@ 30 b’ THHBIA dd (Perpendicular ) SR
d.b = (i-j+Bk )(i+2-k =0
(D) +-HER) + (B/-1)=0
1 2 -B=0
1-8=0
© B=-l
. = -1 I goErdt fead oacd teheHl | Sdid
ITEUI3.12: eHRERI d=i — j + k 3AMMOTb = i+j- k AN S AT (cosine) PTaT.
TR:fedd @R d =i-j+k M1 b =i+j-k
ldl = /()2 + (—1)2+(1)?

- ViFiT
jdl =3
T b = V(D + D+ (-1)?
- VIFi+1
5| =3

T d. b =@G{-j+rk@G+j-k
=D +CHM M)
=1-1-1
. b =-1
AT b A B o el G AU BTG SITcll.

Q. Q

GIF g
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Cos 8 = (z Il
|a| |b|
= %5 - 3 Vava = a
Cos 0 = s
3
6 = cos‘l[_—]
AdRIR a O b ghddH 0 = cos? [‘?1]311%
TRTATETST IS8R0

1. A RITd =i -2 3k M b = 3i -2j + k JANT BRI B (cosine) BIET.
3.43TH R Sie Uisaed UL (Properties of scalar product):
1. TR 8lC (Scalar dot) Oisde w*gEfEd 3Te (Scalar product is commutative)
ie. db = b.ad
2. WheR Bic (Scalar dot) WreaeISaR fdasid gidl (Scalar product is distributing over addition)
i.(b+c)y=d.b+d.c
3 ST HIVAR] A Raexf a 3N b 3r[dTd, M7 HIorchidt WhaR T2 2, degT:
(A@)-b=(ha) b=nd b)=dai (Lb)

Hsdd Iereul
TSGRV TR @ M1 b fedd Rt sRydiat, || =2, |b| =3 oMfT @ . b =4 T |d-b|
o Yo PIel.
SwR:fead  |d|=2 ,|p|=3 T 4. b =4
@ —b]" =(@-b)@-h
=dd -ab - bda+bb
=lal? -ab -db+ |b|? by commutative properties
—|al? -2db+ |b|?
=22 -2(4)+ 32
—48+ 9
=5
@ -5 =5
~ la-bl =+5
TRIGTETS! SETevul

QLSRG =1-3j+3k oM b =3i+j-Sk RINGIHT &. b =b . d

Q2SR d =1i-3j +3k M b =3i+j-5k M & =i+j+ k R INRGEAD
i.(b+c)=d.b+d.c

Q3 R d BYAcRIR MR MM (% —a) (& —d) =8 R |¥ T Teu e,

5.5 %R? (W"m) uisae (Vector (cross) product of vector): SR a’ 3for b 8 G e 3R o

HIYUSIT a x b A 30T Y WrAasHTor faerm Sar

a=aji+ ayj + azk,

b =bii+byj+bsk
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2 x b = (aii + asj + ask)x(bii+baj +bsk)
=aiba(i X i) +aiba(i X j) +aib3(i X k)+ abi(j X i) +acby (jX j) +abs (j X k)
+ asbi(k X i) +asby (kX j) +azbs (kx k)
but iXxi =0, jxj =0, kxk =0
also ixj =k, jxk =1, kxi =j R fcun g fariddh fox
jxi=-k, kxj =i ixk =-j SRfcunusarm oA
= a1b2(0) + arba(k) + a1b3(+j) +azbi(—k) + a2b2(0) + azbs (i) + asbi(j) + asba (-i) + asbs(0)
= arb3 (i) + asby (-i) +asbi(j) + aib3(+) + aiba(k) + abi(—k)
= [acb3 - asb2 ] (1) + [ azbi- a1b3](j) +[aib2 axbi]k
= [azb3 - asb2 ] (1) - [aib3-asbi](j) +[aib2 axbi]k

3R 3 TR WU fuRes waeura fafgd
i j k
X b=|la, a, as
by by bs

JATERUI3.13: SR d = 2i+4j +2k MO b = 2i+3j +k fRAd [eedsdla ® @ x b

e,

IWR: fodd @eed @ = 2i+4j +2k 3 b = 2i+3j +k

i j k

2 4 2

2 3 1
=[@HD-C)D)]i- [DD)-2)2)]1) +[2)3)- 2@ ]k
=[4-6]i-[2-4]j+[ 6-8]k

axb =-21-2j-2k

ISTERU 3.14: GHIGRYS TP B IMNUT ST Tsuid< JIo ae? ATeawAT fid smaa

d=i-2j+3k M1 b =2i+ -4k

ax b=

3N ﬁaﬁm
d=i-2j+3k M b = 2i+ -4k
ik
axb=1 -2 3
2 1 -4

=[(-2)(4) -G ]i- [(-D(1)-2)A3) 1) +I()1)-(2)-2) ]k
=[8-3]i-[4-6]j+[ l+4]k
=[5]1-[-10] j +[ 5]k
=51+10j) 5 k = xi +yj +zk
|@x b| = Jx2+y2+22 = V5Z+107 + 52
= V25 + 100+ 25
= /150
W@WW (Area of parallelogram) = 5v6
JATERUI3.15: SRd = i+ 2j +3k MO b = 2i+ 3j+ 5k AN R SAATR @ MO b BFR
YT @d (Perpendicular) SRTSr gﬁ?: TIC e,
IW: o Raed d@ = i+ 2j 3k ST b = 2i+ 3j+ 5k
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. i j k
axb=|1 2 3
2 3 5

=[10-9]i-[5 -6]j +[3-4]k
=i+j-k=x1+yj+zk

|E>>< Bl = ,/x2+y2_|_22 :\/12_{_12_}_(_1)2

CTFIAT
N
E(;Fé'maa@erpendicular)m%w - = |§’>:< l;,’|
_i+j -k
B V3
noo=zl + wel) \/Ek

3eTEU13.16 WTelt fededr EI-gt @ AF (Perpendicular) SrAAdT, ST HRIeYs (Magnitude) 18
AT ST RIRI YT, @ =3 i+j-4k 3MMOT b = 6i +5j - 2k.

IR R Raed @ =4i-j +3k MO b =-2i+j 2k

i j k
4 -1 3
-2 1 =2
=[2-3]i-[-8+61j+[4-2 ]k
=-11 +2j+2k = xi +yj +zk

|@x B = x2+y?+z2 = J(-1)?+22+27

ax b=

=Vl +4+4
= V9 =3
E4F|%|%TEEQT‘ITFW(Perpendicular)\’rmﬁ?ﬂ%ﬁf? n = |§>><< %|

—1i +2j +2k

3
HRICTS (Magnitude) 18 3RITAT U dex oll Glol mdexdl a9 3le = 181
1874 = 18 [—11 +2]j +2k]
3
=6[-i +2j +2k]
= -6i +12j +12k

= -6 +12j +12k R Ol Gl Rl Al MR

ay

ﬁﬁ?@’s’ (Magnitude ) 18 3t
RIS} SETeR0
Ql SR d =2i+3j+k 31 b = i-3j +2k R WYL @x b M | @ x b
Q2R d=i+j+k 8T b =i +2j+3k feod Raed sRAdT R (a + b) 3 (@ — b)
QIR I dq (Perpendicular) 3 ardr gﬁ? Qe T,
Q.3 ATa fecie gigl Gaexdl A4 (Perpendicular) ST, SATe HHETS (Maghitude) 3317
ST RIRENYT. @ =3i+]-4k 3 b =6i+5j-2k
3.5.2 1Y UISHE qIUeH IF QaeHHid i (Angle between two vector using Vector (cross) product)
SR @ Sff b G aeR A R 1Y Ureae
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@ X b 3 IO o WreayH fadr S, . 73,
@x b =|al.|b| sin6n 0
S0 8T @ il b AW B (Angle) 3Ts. 73: re
3101 @ BT P 0 A 7 ST 3. !

7 B TIE! aexdl IF (Perpendicular) AT AT RaeR 3R,

&Td %‘clT(Remember):

1
2.

G eyl gac Uigac J-el Udh mdex 3.

G deR TR (Parallel) SRIATd ST AT deR Wiede T 3R,
@x b =0
Wgﬁ?%ﬂ(Unit vector) Sl @ 3ATfOT b AIET %WW(Perpendicular) garl, al
WAy feem Srar
. _axb
=
|@’x bl
QIR Ulgde VB, GF @aex @ M1 b AreRd ST T2 WreayHTo) fEar S,
oo @ b| 1| @ b| ]
Sinf ] or 8 =sin ]

THIR (parallel) GFRIS! @ IO b Th e 81 gU-IT Il WheR UMHR U Had Bl il
@ =xb

JISTEU3.17 SRAAT P /AR d =-6i +9j -12k 3T b 2i-3j +4k THHBT JHIAR (Parallel)

3Ted.
SWR: food ®eed 4 =-6i+9) -12k MO H= 2i-3j +4k
SMUTAT A d 318 P feaial Raer TpHG A AR 3{dId SR, a X b =0
ik
axb=|-6 9 -12
2 -3 4

—[36 -36 ]i-[24+24 1] +[18-18 ]k
—0i 40 j+0k = 0
@x b= 0

. U fadial g e ThHSBHI GHIR 3ed.

JaATERU13.18: SR @ =3i+2j +9k ST b =i+ mj +3k @I JHITR (parallel)3Med 9 m o

e =M.

S fodd @Raed @ =3i+2) +-9k 3 b= i+mj +3k

JHIR RIS @ 3 b Teh Raex T Raedl WhaR UMHR UM T Bl STl

i = \b
3i+2j +9k= A(i+mj +3k)
3i4+2j + 9k =M i + mAj +3Ak
i ATFOT j =T T[UTTeh 41T FHIe e SMTueTel fHosd
A=3
mh =2 - ---1
THIHR01 | 7 ) = 3CTH
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m(3) =2,

2

m= 3
B m=- WWHIRG QR FHIR el

ISTERT 3.19: Wt fediear Raexusiie Arg=13Ta feT (sing) RMYA PTeT.
G =2i-2j+1k 3N b = i-2j +2k
I: fodd @aed @ =2i -2 +1k 30T b =i-2) +2k
(@l = JxP+yr+z2 = 22+ (=2)2 + (1)?
= Vi+4+1=+9 =3
|B] = V2 +22 = JPH (27 + (P
= Vi+4+4 =49 =3

. i j k
STl axb=2 -2 1
1 -2 2
=[-4+2]i-[4-1] ) +[4+2]k
=-21i-3j -2 k

axb=-2i-3j -2k
|@x b| = JxP+y2+z? = (D2 +(=3)2 + (-2)?
= Vi+9+4
|@x b| = V17
R & Raexqdid 3Td o 3d, R G wdeR a3l b greardta Trs-siTd el ( sing) fEar smar:

_ |ax b|

Sinf =

Sinf
0 = sin"l[ g ]
et . 0 - sin [ 2| om.
RIS SETeRoN
Q.1 AT BRI d =i+ +k MM b =2 i+ 2j +2k THHBH THIR (parallel )3T
Q2R d =2i+Aj +k and b =i-2j +k IR AR (parallel ) 3MRT R A o g TN .
Q.3 fedie Faexadia ST el ( sing) YA HTal.
Gd=3i-4j +5k and b =i-j +k
5.5.3 {aex Uisded 1J,'l'lT‘EJ'l:f:(Properties of vector product)
1. IaeR Uleac aH wdedl drjcfeag ud! (Vector product of two vector are non -commutative)
ax b+ bxad
2. I Ulsac TSaR fadid giar (Vector productive is distributive over addition)
ax(b+d) = @x b+ dxé
RIS SeTevor

QISR d =2i-4j+ 5k M b =2i-j+k RUSASMBT ax b = b x
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-

Q2 SR d =i-3j+ k3O p =2i-2j+k M ¢ =i-j+k
RUSASMBT @ x(b+¢ )= aXxX b+ ax ¢

5.6 THX ﬁ'q?[ EIV'ISR'\‘[ (Scalar triple products)
OR d =aii ayj+ask 3T b =biit+ byj+bsk 3T & =ci+eyj +erk , TR TR U Uisde
WTHTHTO GRIGaT Sl

a; a, das
@.(bxé&) ==|by by bs
C3 C (3
T SaT:
1. O e Wher feud Uisde 81 T WhaeRk Sal
2. @.(bx¢&)=Db.(éxd)=7c.(dxb ) TYard Hed YA 3.
3. TRI FEHRARA R a@.(bx7) =0
4, WAAMNOUSRIETHES = @. (b x &)
ISTETU13.20: SR d = i-2j-3k 3MOT b = 2i+ 1j-k 3MOr ¢ = i+ 3 j-2k
@R @.(bxc¢) qed qer
I : e gaed
d =i-2j-3k MO b=2i+ 1j-k 301 é=i+3j-2k
R 1 -2 -3
a.(bxé) =2 1 -1
1 3 -2
=1[2+3 ] «(-2)[4+1]+3)[6-1]k
=101 1+2 [31-3[5]
=1-6 -15
a.(bxé) = -20

JGTERUT 3.21: Wel! fedd @aed HIWHR (Coplanar) 3Ted 8 SRl

d =5 +6j+7k M b =7i -8j+9k 3T ¢ = 3i+20 j+ 5k
IR feaal gaed

=5 +6+7k MO b =7i -8j+9k 3T & = 3i+20 j+ 5k
T RFTH PR IMRIR  @. (b x &) =0

5 6 7
a.(bxé) =|7 -8 9
3 20 5
=5[-40-180 ] -6 [35-27]+7 [140+24]
=5[-220 1-6 [8 ] +7 [164]
= 1100 -48 +1148
=0
@.(bxé&) =0
. BV fedal Raed HIHR 3Rd

ISTERUT 3.22: WIeN fEAd faed HIWHR (coplanar) SRIETTH m & e eI,
G=20-4j+5k 3MOT b =i -mj+1k MO ¢ = 3i+2j- 5k

IWR; fead gaed
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d =21 -4j+5k 3T b =i -mj+ 1k Mf0r & = 3i+2j-5k
TR P@HARIRAR a.(bx2) =0

2 —4 5
1 -m 1| =0
3 2 =5

2[ 5m - 2] +4[-5 - 3] +5 [2+3m] = 0
10m-4-32+10+15m =0
25m -26=0

25m= 26

QLR a.(bxé&) d=2i +6j+3k 3T b =3i-j+2k M é = i+ j+ 3k
R @.(bx¢) Jeg el
Q2 @ret feaa mm(coplanar)m x%qmvﬁw.
d=i+j+rk MO b =2i-4k MM =i+nrj+ 3k
3.7 ¢qd (Tensors)
T, 3R 8 U Hfee-SHTHE (Multi-dimentional) TRUR farar Yfirdia awq omg off whaw, ®aex snfdr
T i ehed-rar ISRl S, ardT aiiR fafdy iaed Har Siral, o &1 Hifdeid, st
3TFOT H=A @fH, Ser 3T TUicRor SRIfAuarTdl. 39 SRR SR TN aee w4 efdd omed ard fawerwor
f&e arre:
. TP R (ScalarTensor): THTR IR UHTE T R 3.
. QI T (VectorTensor): BRI R AN TP TTe (S Hi 3R fhaT e 3raa)
. Wfea SRR (Matrix Tensor) : HIH] TR AT STAAHR TS RV 0T BTaH) ST
. BT STHHRFT ¢ R (Higher-dimensional tensors) : 3 fdar affde SIATH( Dimentinal )
3RS SR, ST &1 3D 3R (S Uh RiegH fohar e Sifed SeT =g Xdhdd).

TR WU BIedl g1 Qaede U (Map) HRURT BRI BUH faaR dell 918 Webdid. d faflky
TR e sqarare FTuidalRd gidTd, S T Wifde e (@rexond, aror, qud, fhar asTer- wTrar
gean 3nfor wei= @ ([ererond, S affmmed, f51Y TR gRA Scadhhed e Sadrd) TRIRRE &=HE G
IUgad §1ad. e SNueTRe g, SRRal FAERie-Wad UG UG Hdl 51, Wdhd, S Wy 3
3 P o geH T Udh akiol FgU fAlfedl ad of (G seanard AR FaaaR SuiaRd gidrd. =R agdl
T X (AT TBT) SO 3{TSR (T qUH HRUGTHTS T AT Scied] (e RIidh e TReT) TR S
ST, ARITT, AR @R TR 81 T, Rdesa 3o Hieaqe gmmiied Shedr sifg, S fafay asnfe
STTOT SIS MR ST 3R
1. TR (FBRY 3ITSR eRR) : WhaRk 81 UshTd IWeT Srdl AT dl e 0 a1 SR /el ST,

TRABIHRM (Transformation) : ¥heR FERIT® dEaiar daad el d URad-1g 3/drd,

RIS e HIvaTe! [ e,

o JCIERUL: AUEM, A, fdha1 Hurdig! Hifas amn off tera S8 ad dhal ol
ZW(Q'%WTGITWT%THT) : %WBT I-W(Dimentional)mmﬁmwwmﬁ

TEUL GRIfad ST, Xehdl. Ta |19 {07 A= el SRy

m (Transformation): IR U [aRIP SR 1= YUITeh deaedrar uidid aidl.
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SR W IH-GY JUTTel deael, dR ®aeedl gedhid Ui FUHaR gisd.
« JGTERUT: o1, &, febval Y.
3. Afea (gdia®- Siidar T=R): Afieay 81 Ud 2- UM (Dimentional) TR 31Tg, STTQT Uakil 3Ifor
U gigdd Y& Sles WU Urgdl Ad.
SRAWBIHRM (Transformation) : HicHT AR MOAAR YR SIdTd ST ®acx SaHIRIE YR
!, § YO FUTROT 10T FHiehr YUrTelt S=iquarTe! aruRe ST,
4. - SATSTAT TR (3 TS SHTIVT WTYS)
F-3MMERIT TR § SFUE e FRIie sraed iR SRIAT. 3rd-3HTCRMT TR g0l 3-SHeHd
TROR, 10T 40-3TeRi TRAe) IR SRS SydTd, ST R Ug.
QTT\HWHQ'H (Transformation): IR SRR 3 FeRIdhiar GHIART SRIcied] Sfed
FoaOR wuiald gidrd. § $ifie SIfed wom &t Sl S uicror gRiauariat arRd ST,
- ISTEU: iAD A dul =R (fgeitae-3ierii =), Tures sxarm i ufad SeT (3rd-3ieRfia eRR),
fhar Slu At SeT (S 4th-3HTCRTT CRIRAS 3RY &),
aﬂq'q?ﬁiﬁ 3T HrAfee (Transformation of coordinate) : 3TUU[ SH-SHRAd (Two Dimentional)
Ui T iR fdaR &, f5d X S1fory siéiid fihradd ¥ 3ile.
SR HYTHS Sfaid wuidRd 5-ad (v, x2) = (x! BUH x 007 307 x2 BUH y 7<) SRTd
R BY JE-Y fiaedHaR x! = (x1) M0l x2 = (x?) S dgd gidrd (&t , %2 )
ST mﬂm@rwaﬁm

X! = x! cos@ + x%sinf@  ----1 o
X% =- x' Sinf + x%cosf ----2 Yimds
R JHIBRUMET HigeR =Y J o
¥l _ [cos® sinf b e
[_2] [ sinf 6059” ] /(/’
fEwmRmeT 1 2 uRfe! fay dfdeg g . «? amm 4 »X-axis
ox1! . 9 9xl _ 0
axt cos Py sin
afz _ afz
51 - sind —— = cosf
THIBROT 1 31107 2 7 39 ferfgat Smss qravdl.

i2 %2 0x% | Ly
dx1 0x?2
H@W,aﬂwaﬂawﬁrﬁr%?ﬁ
. axt i o oxt g
Xt = Z:lk axk Xt = dxk x

WWWWW,WW

0% 0%
[fl] _ laxl athxz] ______ 8 S UIRTd SbITedT g,

axt

dx' = o dx" & g7 TR RzAvorTE} ST o,

3.7.1 ¢RY PR (Types of tensors)
1. RAf® TR (Symmetric Tensor) : U RAfeH TR 8T 311 TR 3118 oY I A& ITeh WU PHeurar seerd
TeY. guT Xeaid, d &1 37¢t Yol Fral: Tij = Tji
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TR0 MBI TS =R Rfed TR 3R,

2. @l ﬁlﬁ% TR (Anti-symmetric or Skew-symmetricTensor):

T Ut R SR 8T 391 SR 3T Sl el MR WU Heurar g saerdl. gU=T Wsaid, i g1 31l
quf @Rl : Tij = -Tij.
IETERUI: Y TH IR SagHafcd & Tl TR 81 T Uel-ArHoreayuf ¢ o8,

3. H’ﬁ%’lﬁ\ﬂ? TR (Covariant Tensor): m\’d—c’ TR U9 gediaR Udh fafRry UHN FUidRd ﬁ?ﬂﬂ %
JEIEIUT: TP Thai AT Afedie, ford gee SR @aedra! S ik FadiaR Saadrd.

4. HE'IET\&GE éT\‘:R'(Contra variant Tensor) : WA%T\P[&IE IR gAY SGiaR GHUR%WWW
IR Siard. T 31, HerRisie TR Tedh MR Rde foR favg G2 Feadr.
IGTERT: e Wl d DelgRISHE =R 3Ted.

5. fireTs TR (Mixed Tensor): T fa0S TIRAY SHIGRISIT 30T HergRIsie Feie gl 3ydr.

B CIR IH-00 TUIRUTHE HlgRIST I dergRisie ¢-iRd iy U armdra.
IEIERVT: HIAHRATI ATUI-35o11 =R BT FHaS S=iRal U 3a18vul 3118, f51Y et U
HIGRIST SR T IR DHlGRISIC ST
6. Afe® TR (Metric Tensor) : T AW YR <R il A= HHd T oremfe o SR, of $faR
3{TTOT 1 TSI, A Aoyl ST ST SR c~RaA FaRNidh T STauary fdhal Jell RuaN HTaRad
Hifgdl TeT B!,
IR A, At SRR HIA-RIFTHT dghad qUH HRal.
7. maSfedt TR (Identity Tensor) : 3T SR TH A=Y YHRET TR 3T Sl SR S=Ral URafid
Sl ST al UM RITREHT HIATHE ATURT ST, 8T TheR BT 1 THT B dal.
JETERUT: HICRT UIMHRIC, 35 HicH 8T 3 iRl Udh IaIexU 3e.
3.7.3. fafay Heufa == ¥ (Rank of a Tensor in Various Contexts):
1. i:%amﬁm U IF (Rank as the Number of Indices):
o TR (P 0): TheR | Uhd TS 3Rd, AT TTET 0 S 3R, § ¥ 0 I SR A ST,
o QIR (P 1): IR 81 UH- SHYAT (1 Dimention) 3R 318 AT 1T 1 TSR 3T, BT Ib =R
318,
o Hiee (¥ 2): W 81 SH- SHTAA (2 Dimention) 3R 3R 3T TRl R ST 3yard (1 3T
HIAH). BTIP TR 3TE.
o IH-3MTST TR (P 3 AT W@TYS); TR S 3 VT TR SSRT ST, S 1 3 S 3R (3 §8a), I
I 3 TR SR, ST 349 Ye. § YD Sfed Aa-HT ad e [hdld, oY HI Heel-
SOHTAEA (Multidimential Data) Sel.

fafay ¥ sRTdear 3= IeTevul (Example of Tensors with Different Ranks):

1. ¥ 0 (FPER): TH WhaR, S B dgaERT fhd, 8 Ueha I=am 3Raa 3Nfor ard H1uide! STaHgH
(Dimension) T8 1d.
2. ¥ 1 (@IER): TP aex a7, faRITuA fhar 9 TraRed AT <RI Wbl Th 3-STHRHW aex 31l

Uy
ﬁﬁ?lib_cﬁ: V =

vzl (3 U I HoR)
U3

3. ¥ 3 (W few): HieayHed G SSHT SrdId, O UedT XHIg S UiaRUMMTS! (Linear transformation)
IR STdrd. U 3x3 A 3T fag qrdbal:
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A = |Qz1 Gz Qz3

(2 S Sfciel HigT)
az; dzz dsz

4. &3 (3D ER): TP 3D TRTL - SSHRT SRAT AT T e bl Heel-STARHT 3R TUH e=aTd
S{TOTAT . IETEROMY, TH 3x3x3 TRR:

t111  t112 t113] [tzu tr12 t213”t311 t312 t313]

aj;; Qg2 a13]

T=[|t121 Ti22 t123||t221 t222 t223||l321 {322 (323

t131 U132 T133lll231 t232 l2331ll331 t332 U333

3.7.4 AT oo (Algebra of tensors):

a) SF = a3 SHTfUT aeTTaTet (Addition and subtraction of two tensors): SR SRIS 3IfoT
ST Thad T =T 3o T UHR TRV Scied] ¢~ dadid URHTIRT et SiTd. "R UHhR"
RICIYHTUY, T AT gehRIIad el offd. G =R SISUaTTa! fdhal aeTared! HrRuamre!, Jeferd

gehial aRiol fhdl aolTaeh] et S, THH Y 0T THM UhR AT g IR s fhar Bis
W GuH Yb AT THH PR SR Th -8R 3!,

1. IgTexumy
SR GH SR AY 30T B T X SHATOT HHIH UBRI SR, TR Skiel ST qofialep o e QreiieyHror
IFSASIGIGE

Al + BY = ¢} @89)
Al- B! = DJi  (avEm).
5 ¢ enmfor p/ 7 fedcun CRREREY THM (b 3101 GHM ThRT ¢ SHTgd.
2. IR :CIBIH BIH (Transform form) - SR A2 M1 B¢ 8 GHM ¥ 3T GIF ¢~ ST,

TPQ axP 9x?¢ axY ,or

A T xS 9xT axR U TTTTTTTTTTTS 1
dx°> 0x 0x
gre  _ 9x70x% 0xU psr
B xS axT oaxR ~U 2
1 3012 < RS H& , 3MTaal fHsdd

=PQ =pQ _ 0xP ax? oxV ST ST

A"+ Byt = o= & [Ay + By ]

1 31012 <Y aoETd! B , ATUaal fHd
AR?

=P 3+ U
Bre = L0 A - BT
b) =R PI~¢aRM (Contraction of tensors): T [ T ERDT X GIFM HH! HRUTTATS! el 0T T
PI¢ R U el Sld. DlcarM Ulhdd, Th dheleRdc Sea U U HlgRAc Soad UM 34
ST ST GrRTGT S aRTaR SRS et oifdl. URUTHY, T Sa=a X Hed CuRUEH G il gial.
1. Sargony

e U FAfa TR AL/ = AV S 3 91 TR SR, I1 kAL, Th heleic I T pigide
$SOI~H ~HIAH OQOIQ'I vildld, Il C'{-Ntl OhI'QORI"I wUldld.
2. Serevund: . EA'IT\”I'CI’T\IJﬁq'T\IJﬁ (Transform form):
IR SN CRRAT AR B A2

- ax 0xQ 9xC axP
APQ _

ox~< 0X~ O0X” ,mn
Rs axm 9xn axR axSCD

SR 30T Q = S M0 n = D 34, K.
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/TPQ _axP axC
RQ ~— gym xR “Cn

ARS = A and AR = AP Wi 2 TR 3.
HH B,

¢) ST 3T3eR Uisae (Outer product of tensor) : A S=RAT 3HTITR WIS U Uh SR ST X

feroren SR Yo SISt ST, WIS, SR r 310 1, § QI SR ¥ Sdid, aR i 33} Wigae 3 (1 +

1) ST Th SR 3.

Sergeony

1. SR AY 3fforBl, &M SR P 3 1T 2 ThH SR, TR
(A7) (BL)= C¢)! BI® 591N 3.

2. SR ARL. , AK, § TR S[IHH P 5 ST 3 SRCiIe, TR alvel ol 3M3eR WS 3rd
ARS . AK = P2 B ¢ ATTRR 3R,

d) S=IRAT §R WIsFe (Inner product of tensor): G ¢IRAT 3R Arede U AR JHa- Do Uh
A SRR TR BT, STET GIF <Rl 3R Wisae WUrdrd SMifor &) Ufshar g T=iRd SR TUNHR WU
@l S,

1. IaTeuNY: el AF eRRAY 30T Bl ofed

T G SR 33X WS ae 3T 3fTe: (AY ) (BL )= ¢}
T o Uiohdl AN S, m = i T hedN, I U Bl
@A) (Bh)= ¢l =pl' @ TR
HE]’I:[%T\ERD,{I HEREGIN A;'(j 3o B}, mwm(lnnerproduct)&ﬂ%.
2. WRARZ, AMT RGN SRR SR, TR IR Wisde ST fae STl
Apd . AME = Cp&h = CRI O @ ¢ TR WS TR,
e) . ST ¢ (Trace of tensor) : THT AT TR 3{Tex AL, SR dheleRIcT MU dieRde TS THH
XA, TR U] CRAT ¢ fHadl.

Ry =Ri +R; + R} +. ... +R! =R

Reference:

1. Higher Engineering Mathematics by H. K. Dass, Er. Rajnish Verma [S. Ch31Tfor Technical, ISBN:
9788121938907]

2. Higher Engineering Mathematics by Grewal B. S. [Tata McGraw Hill Education, New Delhi, ISBN
: 9789386173522]

3. Engineering Mathematics by A. C. Shrivastava, P. K. Shrivastava [PHI Learning, New Delhi,
ISBN:9788120342934]
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gfe -4
gafved fewRre=r anfor sfeimm
(Numerical Differentiation and Integration)
faug o=t (Course Outcome):
CO4: feaie harrd S fade (Numerical Differentiation) 3TTOT TS b FHTD (Numerical

Integration) HcdTch .
Yo Ao (Theory Learning outcome):

1. RIS 3 dhds U (Forward and backward interpolation) dlu>- YYH 3igr SRR 2.
2. Eﬁsﬂsea A9 (Trapezoidal Rule) AU SATHS JHTDH T (Numerical Integration) W DR,
3. ROgar U g™ 99 (Simpson's One-Third Rule) A0+ H&ATHED JHGAT ((Numerical
Integration) HeATh DI,
4. Rrgg==an dF 3ire fFawiEn (Simpson's Three-Eighth Rule) TR e ABATHD JHTD A (Numerical
Integration) HcATdh DRI,
R (Introduction) :
T&ATHS fANGT (Numerical Differentiation) IO TWHTHSG HHTHEA (Numerical Integration) @l HAaHd
Tforea foban sited, Sufan fafay < for siftifet=ar aard favgd gHumer SUaRT dhefl Sral. el Jad
3l SR fdar S v e faved (SRefem) fdhar THsmer (Efedmm) ddll Sie Wdard .
T 37T, 3T R SR cagord Siarsl AN f[admRId #dl, SiegT dhdes Scl Uiy T SiTdTd ST fafRry
AR aeh Sfia & AU B ST ® JHTH A (Numerical Integration ) H¥ #R19d § 1% .
4.1 G=ITHD ﬁ'ﬂﬁ ST ST S JHTH A ((Numerical Differentiation and Numerical Integration):
4.1.1 GE=ITH® faveT (Numerical Differentiation):
FeES faned (Numerical Differentiation) §1 Tdb UfchdT 3Te & Sura faaen faaféra Sa ﬁ@? SYTRT
U 7 BT Ted] haRHl SRefcagsrd Aol ®lad oild. JaUYH el U Sexuldict Sgual oad!
30T eR feaen foigar sigrel sRefeas dred.
1. SR 8aI ﬁ@{ LR GNE] (equispaced) 3.
i. T HIRTS SeRUIIR (Newton forward interpolation) I AR Caa JHaTdied YT
SRegfeegs MYTIRITST befl Sl
1. g1 dHds cUIARMA (Newton backward interpolation) AT dTUX coaAT /igewdl YT
SRBfeES HTeuarIdt dell .
2. SR S fdg THM R T aR S0 e [QUTTTT TR T fdhal ariored Sexaia=
LT TR He SRegicagsl MY vl TN HaR d SMIIHATIAR 3Hdb 931 fUd B b,
4.1.2: SATHS JHATH AT (Numerical Integration): TBATHD JHIH AT (Numerical Integration) LUK
3T T=HATHS FHIH A (Numerical Integration H{¢d dledl Td, SIcgT HhaR=T WWG@EW ST 3.
AP GHIH A Feite 811 FHIAR BIa:
a. E:ﬁ%ﬁ%{@ﬂ g ( Trapezoidal rule )
b. o WW o ( Simpson’s one third rule )
c. RO i 3i1&ar f999 ( Simpson’s three  third rule).
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4.2 TgETHT SSUIARM JAMET IR H+ Siagiead (Derivatives Using Newton’s Interpolation

Formula):

4.2.1 g1 BIRGS SeXUIARM JATHT TR Hed SREfeqg:

(Derivatives Using Newton’s forward Interpolation Formula)

T RS SeRUIRH I T Ayt 318
y=yo+m Ay, +m(r;1!—1) AZ}’O +m(m i)'(m 2) A3y m(m—l)(r;l!—z)(m—3) A4y0 o, 1
JY m= = e 2
IECBQ'BIQIE‘I 1 fay dfdeg gm ( Differentiating 1 w.r.t. m)
2m-1 6m+2 4m3-18m?+22m—6
- —O+ Ayo m. A yo +3—m A3y0+ i 72' = +A4y0 + - 3
IéUﬁQ 3T 1%&?‘1@@%§x (Differentiating 1 w.r.t. x)
1
S 4
S Ay dm chain rule
dx dm dx
THHRT 3 30T 4 I
4y _ 4y, dam
dx - dm dx
2m-1 3m2—-6m+2 4m3-18m2+22m-6
= [Ay + =A%y, + %Ayo+ i Tz! T2 Ay, +] ------ 5
3T X = errrrfﬁrm 0 Te, Uyl fiad
4y l[A _Ip2y 41 A3y _1pt _|_]
dx gt x=0 HBYo — S8 Yo TS A Yo~ 8 Vo -
g1 Uhal ferRRfe 5 fay Sdfdeg T x
a?y _  d (dy\ _ d (dy\,  dm i
ﬁ - dx (dx) - dm(dx)>< dx Cham rUIe
_d 2m-1 , o 2—em+2 3 4m3-18m?+22m— 6 am
il T ey e o+1]d
2m-1 3m2-6m+2 4m3-18m?422m—-6
= 22 Ay + 2= Ayo+uA3y0+ A B Aty + | X5
12m?-36m+22
= ?[o +A2y0+ =T £y, +]
3Tl X = Xo MO m = 0, 1Y, MU s
dzy _ 1 2 3 11 4 5 5 ]
dx2atx=0_ hz[A Yo — Ayo"'le Yo — 6A 3 i [ (— 6

® JcTd BRI SerUIaRM U 38 o coaedl YoaKiyg sidal fagar SRefeast MYUIMTa! ariRa S,

TArsad 3830 (Solved Examples)

TETERT 4.1: WIS ST Uigews agudia v+ fad ame
X 0 1 2

fx) |5 6 3 8

2 .
Land X AT x=0 U GEAATST W,
SR AT JRATAAT x=0 Hd 3118, WU YU ged BiRds HBIHAl alue SR@ems HIeUR e
TYUT YA g HIRAS Sy cad TR Hw,
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fX) | Af(x)) | A*f(x) | A3F(x))
05 |~
1
16 -4\
-3 12
213 8
5
3|8

AUATH S geAdl BIRAs hIHdl I TIH SRRCRS Hevdard hidl Ted 318
Z_if/at —o %[AYO— %AZJ’O‘F% A33’0—iA4J’0 +] “““““ 1
¢d HEl x= 0 o Wretlel Hed 38
AFGO) = 1 A2 f(x)=-4 ST Af(x)) = 12 MO h=1
e 9d g IR0 1 7 o, e fHed,

G rmo = 1172 +5012)]
= [M1-C2+ @]
= [14+2 +4]

ay - 7

dx gt x=0

23 T x=0 T TG 7 318
TIPS Y-TaT BRAS BIYdT aTuEH Rl SRS BIEvar By Trdid Mg

a2y = 2 [a2y _ A3 14, _ 545

dx%gp x=0 hZ[AyO Ay0+12Ay0 6Ay0+ ]
= S[-4-1240-0+-]

dz_y =-16

ax? gt x=0

LY G x=0 1 GeATES - 16 I
RIS 33'['6?&[( Examples for Practice ):
Q1. TI® IgE Yl "isar
a) faa:

T y '(0) 3T y°°(0)
b) feaa:

2
T Z—z &mﬁr% at x=0
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C) IFREE

x | 1.0 1.1 1.2 1.3 1.4 1.5 1.6
y | 7.989 | 8.403 | 8.781 | 9.129 | 9.451 | 9.750 | 10.031

2
hem 2 efdr X atx =11
422 eIl SHAS SEUIARM GATIT TR B SR@fegol(Derivatives Using Newton’s

Backward Interpolation Formula):

YT §hds SeRURH I Ty TR,
= g Oy Py ) g e, g
s
v?rﬁ m= - 2
fEHRRMEfT 1 fay dufdes T m( Differentiating w.r.t. m)
2m+1 3m?+6m+2 4m3+18m?+22m+6
d— = 0+ Vy, + ———V2y, + % Vy, + = 72' T 4V, e 3
femRfRmefeT 2 ﬁﬁﬂ@mg x ( Differentiating w.r.t. x )
== 4
WAy 4y dm Chain rule
dx dm dx
JHHR0T 3 ST 4 T
dy _ dy  dm
dx - dm dx
3 2
- [V + 2m+1 szn + 3m2+6m+2 V3yn + 4m +1Srz'+22m+6 v4yn + ] -5
3T X = xn&rrfﬁrm 0 3, &rrqu firesa.
dy _

1 1 1 1
- E[Vyn-l' Evzyn+§v3yn+zv4yn +]

ax at x=x,

U5l Ul fSmRRNeT 5 fay dutfdes g x)

2

4y - i(d_y) - i(d_y) 5 &m Chain rule

dx dx \dx dm \dx dx
_d 2m+1 o 3mZ+6m+2 _3 4m3+18m2+22m—6 _4 dm
= [Vy + Vyn+—3! Voy, + " Vyn+---] X—

2m+1 o 3m?+6m+2 3 4m3+18m?+22m—6 4 ] 1

= 2L |vy, + Zvry, 4 I g3y y Vi, + | x
:?[O + 2y, + 6m+6 V3y, + 12m2+2346m+22 Vty, +]
3Tl x:xn&m%rm_o 13, sfaearar fiesa

d?y

1 11 5
) = ?[vzyn'l' V3yn+av4yn+ gvsyn+"']

2
dx“at x=xn

8 YTd DS ST FeUIARH I 3R W Saeredr Vac] figar SRefees Muvarand! amra SiTd .
JIERT 4.2: JoId aaal 1961 o 2001 TT I8Id AT SIHITUFT A EveT Gdl.
a(Year) 1961 | 1971 | 1981 | 1991 | 2001

AIHTB( Population) 19.96 36.65 | 5881 | 77.21| 94.61
2001 A AHIAT AIeET g3 YT
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SR CTATAT -GS x = 2001 eI 3HTg, FU[ YU dhds ScrUIR Bl due SREfcgd HIGUIR
3Meld

30T TYH 2 hds (S ¢ad qUR B,

X fX) | vF@) | Vf(0) | V3f(x)) | V*f(x))

1961 | 19.96
16.69

1971 | 36.65 5.47
22.16 -9,23

1981 [ 58.61 |° -3.76 11.99
18.40 2.76 7

1991 | 77.21 -1.00 /
1740 | _—"

2001 | 94.62 | _—

HUATH S geAdl dhas Byl aTRe- Wil Siidcie HIeuard Byl Jred 318
dy _ 1 12 1ys3 g4
0% at vexy, h[Vyn+ SVt Vi + Vi, + ]
T AL x= 2001 I WTeidl Hed 3R,
VF(x)) =17.40, v2f(x)= -1.00 , V3f(x))= 2.76 , V*f(x) =11.99 30T h=10
fed e Yoo THieRur 1 7ed T, Suedrer fea

dy = =[17.40 + 3(=1.00) +3 (2.76) + 5 (11.99)]

dx gt x=2001
1—10 [17.40 — 0.5 + 0.92 + 2.9975]
1
—[20.8175]
2.08175

2y — 2.08175
dx qt x=2001

23 T x=2001 1 FEARIS! 2.08175 3Te.
2001 AT ApERT aEETaR 2.08175 3R .
3TTTH S YTl Sbds B alRe GORT Sddieg BIeUaT HiHal Teid 38.

d%y N ) 3 Hya Sys ]
dx2atx=2001 hz[v yn+Vyn+12vyn+6vyn+

. 11
- (10)2[ 1.00 + (2,76) +—(11.99) + 0 +]

—[~1.00 + (2,76) + 10.9908 + 0 +]

= 1.112.7508]
100

d?y
dx? gt x=2001

LY I ge x=2001 A EIRGT 0.127508 3R,

dx?

=0.127508
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IR SRt (Examples for Practice)

Q.1 TICiidl ST Uicqds dgua faeit offe

X 0111213 |4 |5

fix)|1|3]7|13 |21 |31
0T Z—z 3{Tfor 327321 at x=35

Q.1 faoid

x[0| 1|2 |3 |4
y|[1|3|11|31]|69

2
e o oafr &Y 4t x=3.5

0.3 reter T P AT o (et Sferer e, e o et orerstect R v
PN

X 1 3 5 7 9
y 85.3|174.5]67.0 | 60.05 | 54.3
t= 8 Yeba R Y BV 3ETS &R PIa] .
4.3 HSITHS JHTH AT (Numerical Integration):
4.3.1 ATHa @RI G (General Quadrature Formula): mwmﬂﬁ%éﬁwf:ydx
o Yo Dl udra Ulhd, Siegl tharH faaiedn St fagadd (xi, yi) fad Sird. SR y=f(x) fddid thaRH 3, Ry d
Hel yo, Y1, Y2, Y3,...,Yn &Wﬁ[x%[ﬂa??a = X0, X1,X2, X3,...Xn =b ﬁﬁ?ﬂﬂ%ﬂ
éﬁwffydxmw,qm&m(a, b) @1 n THM HFTHL faUTm, Sai=m $a1s h 38, 3 &t
azxy <x; <xp, <=+ <2x, =D
_ b _ rxotnh
= [ ydx I—fx0 ydx
i‘rﬁ X0= a, a+nh =xo+nh
U 9% , m= X -

h
X-Xo= hm e 1
EHIRRIEfdT 1 fay ddfdcg € x  ( Differentiation w.r.t. x )
<~ dx =hdm

a.@'[ X= Xq a%'l' m- 0 WWX—) Xo +nh a@ m-n
Xgt+nh
| = fxo y dx
- (m-1)(m-
_ fon [yo+ m Ay, + m(r; D a2y, +%!(m2)A3yo+m]hdm

-1 (m-1)(m-2
= h f) |vo + may, + T2 a%y, + EEED ARy, 4| dm

=h[ny0 + nz—z Ayos (r;—3— n;)%Azyo + (n;—n3 + nz)%Ag’yo + (n+1) term]

AT aarieRur G (General Quadrature formula) 31 TUT.
4.3.1 ¢fusitgsd fH (Trapezoidal rule) :
SR 3{TYUT e AHaaiieRol(General Qudrature) AT n = 1 39d, IR YU fHesTard agb (xg, Yo) ST

(x1, 1) a1 qrg! TG TR YW1 Bid, 31 o U Wi GHie0r §9ad. amed gust AT S ShHr TR
(difference) X[ 3.
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_ (xptnh
| = fxo" ydx
= h[nyo + nz—z Ay, + (n; — n;)%AzyO + (n{—n3 + nz)%ﬁyo + —to(n+1) term]
WA YR SfIRM dOR Bdrd. s
f;:)o-’-h ydx = h(yo + %Ayo) /— Piecewise straight lines
=h [J’o+ ;()’1_3’0)] /]
Y
o [
ﬁ@ir xot+2h _ 1 & I
fx0+h ydx - h(yl + ZAyl) % M
1 Z X,
=h [3’1 + 5()’2 +J’1)] 20 b = xz
Xo+2h _ Vity,
fx0+h ydx =h [ 2 ]
a_aa. f.X'o+3h d — h [y2+y3]
X0+2h 2
x0+4h y4.+y3
fxo+3h d = h [ 2 ]
?‘I@?[ Xp+nh _ Yn—-1+yn
fx0+(n—1)h ydx = h [ 2 ]
3T T n FEARA RS e, I e,
Xo+nh _ (Xoth Xo+2h Xo+3h Xo+nh
fxo ydx = fxo ydx + fx0+h ydx + fx0+2h ydx + ... fx0+(n_1)h ydx

= n ] n P P ]

b +nh h
= [pyde= """ ydx= S [o+y) + 2(y1+y2 + Y2+ ynoal

® (TR UM (Definite integral) Hedic- HRUANITST CURIgSd HaH U Ji@d ol

Tsad IaTeT0 (Solved Examples)

ISTERvl 4.3; @ralt feae Fuffea sfedmrm n = 4 9 Shusiissaan Fraw aroe geaie- &,
fl LI

0 1+x2

SW: Qo 1= [[—dx f(x) = — a==0 31 b

01 +x2

~ h= =0.25

1,n=4

[y

b-a _1-0
4

R

n

>
(e
p—

y:1+xz 1

ull BN -
N =
S| St w
N =

Juy
(N
Ml ENERE

Yo

gigsam s,

f:f(X)dx = % (o +y) + 2(y1+ Y2+ Y2+ Yl
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1 h
fo 1+1x2 dx = - (Vo +y4) + 2 (y1 +y2 +y3l
1
_a 1 16 , 4 , 16
- = _(1+ 5)+ 2(F+E+E)]
=113 400+340+272
8 [(2)+2( 425 ]
_ 1 (3 2024
- 510+ G
_ %]
~ 8 Lsso
_ [5323 11 ~
- [M] o fo 1+x2 dx = 0.7828

siseaa Fod a0 RASRITR 3 909 0.7828 MR
IeEX0T 4.4 Trelt feden Fuifa $fRAwm= n=3 9o ¢Rgissaw Faw aueT 4 geiw wdaw
Hegih BRI

fg eCos¥dx .

W fAd 1= [zyde , f(x) =€ a=0 MM b= ,n=3
spo 20 _m
3 6
0 T T T
i 6 3 2
y=es¥  1271828| 237744 |1.64872| 1
Yo V1 V2 V3
cugisead Fam,
b h
J  f@dx =2 [0+ ya) + 2 (y1+y2 + ¥+ ynal
z h
JE eco¥dx = > [0 +y3) + 2(y1 + 2]
= % [(2.71828 + 1) + 2 (2.37744 + 1.64872)]
= % [(3.71828) + 2 (4.02616]
= 1—”2 [(3.71828) + 8.05232]
= = [11.7706]
12
= 3.0815 o [Zef*dx = 3.0815
chugigeaar Fam ame feawn $fedmma 4 g wiad Jed 3.0815 1% .

WIARITS 3GTgRut
(a) TTeh feaienn fRuiia Sfedmr=ar Jearmure! Slugiigsadn oy aruRT, onftr [2, 7] a1 SicRTara urd
U IUSfaRTard fayTiord . .

f;i dx
(b) et feeteat Auifed YfedRre gegmmomTardt Sfusisseran foaw amoRT, ofor [0, 7] a1 SfaRmerar
T T FHH YA B,

Vs
JZ cosx dx
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(c) UHT ard! dfell 100 Hier 31Tg SAf0r ot Aet=n fafdy fadar @iait distelt el 3MTg.

X 0 102030405060 |70801|90| 100

317 (9 |12]15/14]10(|8 |6 |2
WWWW@WWWW@N

4.4 Rq9= e gdras® 9| (Simpsons one- third rule):

SR S0l YeTaT AHaaridhR0l JAHL (Newton’s General Quadrature Formula) n= 2 H&d dadl, R

M (xq, Vo), (X1, Y1), (X2, ¥2) W%WWWW,@WWWWWE

Ieh e T 3R THIHRUT (quadratic equation) 3RTd. T faaR MTf0T ATYE T thRep T 3R,

| = fx0+nhydx

Xo
= h[nyo +n72 Ay, (n?s—n;)iAzyo (n—4—n +n ) =A%y, + —to(n+1) term]
Joy =t o + 5y + (5= 5) 5070
“hl2yo+ 5 a0+ (5-5)50%0]
=h [2yO +5 (y1 —~Yo) + (§ - i) ~ (Ay1-Ayy) ]
=h [2yO +2(1—yo) + (— - 2) [y2 =1 = 1 = ¥ol ]
=h [2yO +2y; = 2y0 + G)%[yz — 2y1 + Yo ]
=h [2yO +2y; — 2y0 + 5 [y2 = 251 + ¥o ]
=h [Zyo + 2y, — 2y, +§y2 —§2y1 +%y0 ]
=h[ %yo + 2y, —§2y1 +§y2 ]
zg[yo +ay +y, |
fx"”hy dx =§[y0 + 4y, +y, |

h
[y dx =2y, + dys+ys ]

/
W
h
vy dx =2yt 4ys+ys | //

L\
\x-

Xy ) X2

n h
T [y dx =2 [yaot dyaa o ]
AMUIAd n IR N9 F. MU
n h h
[ty de =3[yo+ 4y 4y, [+5[v2+ 4ya+ys 1 +3[va+ 4ys+ys |
""" +§[yn—2+ 4yn—1+yn ]
TG HedTaR, TTTe fHesd .

h
= Go+ )+ 401 +ys+ys+ o Ayn) 202 Hyat v )]

wls

b
= [ydx=Z[o+y)+ 41 +ys+ys+ - Hyn-) 20+ ya+ o+ )]
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§ MU Sfea=m (Definite integral) Heaih HRUATITS! R T qaiidd ad (Simpsons one third rule)
U 3esEd S,

Hisad 3aTevu (Solved Examples )

ISV 4.5: Wrai! feaear i1 YeaururaTd! RIa us gdia® /a9 (simpson’s one third
rule ) 9TURT, STFOT [0,2] T SfeRTAT IR JHTH URTHS fquTiord &,

foz e *dx
SW: R 1= [Te*dx ,f(x) —e™™ a=0 3MUb =2 ,n=4
L h= 220 _1_
~h= = ~=05
X 0 0.5 1 1.5 2
Y=e€0s* 1 0.6064 03676 | 0.2231 0.1353
Yo V1 V2 V3 Va
R T qdias fam,

b h
= fiyde=z[Got+y) + 401 +ys+ys+ o tyn1) 202+ yat oty )]

= ffe ™ dx =2[(yo +ya) + 401 +3) +2(y5) ]
%% [ (1+0.1353) + 4(0.6064 + 0.2231) + 2(0.3676) |
[(1.1353) + 4(0.8295) + 0.7352) |
= 0?5 [5.1885]
I= [ e~ = 0.86475
Ryoe= U geitaes Fam arue e iR ged 0.86475 31T

TETERT 4.6 T fau= Saret 77l urRuTa fagidia 9o 81a, ot 3= sufa® siavrar el onmg, o &Y
@Fﬁmﬁﬂ%

t d% (minutes) | 2| 4 | 6 | 8 |10 12|14 | 16| 18| 20

Il
u1 w

3
0.5
3

v Tt (Velocity) | 8|17 (2428 (30|20 12| 6 | 2| 0
RIT=T=1 U qetaiRt FraumEn (Simpson’s 1/3 Rule) aTR &% faAT 20 e fFdt siar uR &a
T TSl P
IR GHS OFT &1 S & faumm 20 fifeid uR ddd iR 3ife. faumr Tdt (v) Sit fagidiqd 4= gid, o
d 1 BRAfAP SfeRTaTeR fael 38, ST Hlgld 318 dI Tl (velocity) TUMI:

as

v= =

51, % 8 R 6T & (rate of change of displacement) Joddd fadd 3
ds= wvdt

e T fRAEE  [d

S =
t da (minutes) 2

vdt hereh=2
6 | 8 10121416 |18 |20

20
s
4

v Tdl (Velocity) | 8|17 |24 |28 |30|20(121 6 | 2|0

Vo| Vi | V2| V3| Va|Vs|Ve|Vr|Vs]| Vo
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f

[(V0+V9)+ AWV + Vo + Vs + V) + 2V + V, + Vg + Vg) |

=§[(8+0)+ 4(17+28+20+6) +2(24+30+12+2)]

=§[(8)+ 284 + 136 |

= %[428]
S =285.3333 km
R e qatai=r AdmE (Simpson’s 1/3 Rule) aTR &+ fa@ 20 fifeiaed 285.3333 km SR UR - &,
WIARIS! 3ETgeul
a. @l feoiedn FyiRa == GeamoTe! R T Qg Fas aroRT, $for [0,4]
T SRTATAT FH IUS{ARTd FaUTford .
f04ex dx
b. e feaen Ruiid Sfel=rea qeadu-are! R Ue qaiair Ao aroRT, Sfr
[0, g]m&mawws JUS{aRTd fauTford &1 .

fogm dx .
c. el et FRuffea gfedeme qeommorardt Ryem we qedtar faw arowr, snfdr
[0, 7] TT SfRTATSH FHH 4 SARTT fauTiora .
fonsinx dx (Xs,Y3)
4.5 Rrga= 9 smear fAag (Simpson’s three- eight rule) :
SR {TYUT Y= ATHEa 0T (General Qudrature) FATd n=3 el dadil o AT (X, Vo), (X1, V1)
(x5, 2) (x3,y3) TogHYA SMURI T a Had, ST 81 d% T (cubic equation) THIHRUT SR,

T DY 3T ATYETT BRp YL ST
| = fx0+nh

dx = ¥=p
n? n® n%\1 ,, n* y= 109

:h[ny0+?Ay0(?—?);Ay0+(——n +n) Ay, + — —up

n=37cldh

I: f.X'0+3hy dx

s o (2D 0o+ (227 49) e
= |3y, +z Ay, + (2—7——)A2y0 +(2-27+9)28%, |
h[3yo +2 (1 — ¥o) + 2 (Ay; — Ayo) + 2 (4%, — (A%,
:3YO +2 (yl) - g(yo) + %((}’2 —y1) = (1 — yO)) +2{(8y; — Ay;) — (By1 — Byy)} ]

[ 9 9 9 9 9 3
= h|3yo+5 y1 = 5Yo + Y2 =5y + ¥o +o{s = ¥2) = 2002 = y1) + (1 = yo)} ]

I
=

3 9 3 9 9 3
= h_zYo ToYV2 TgYVs—gYV2t gV —3)o ]

3 9 9 3
h[g)’o TgV1 TgVat3gys ]

%h [Yo + 3y, +3y,+y;3 ]
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+3h 3
j;xoo ydx_ Sh[yO } 3y1 +3y2+y3 ] ____________ 1
+6h 3
T fx0+3h dx = 8h[y3 3y, +3ys + Vs ] __________ 2
+9h 3
a@a’ f;::_Gh y dx — 8h [y6 3y7 + 33’8 + yg ] __________ 3

+nh 3
LR f,z)0+(7:1_1)hy dx= —h [yn-3 +3¥n-2 +3¥n-1+ ¥ |

3T I SR T RIS B YTl (S,
[= fx0+nhydx _ ydx 4 fx0+6hydx+.”fx0+nh ydx

Xo o+3h xo+(n—-1)h

=3§h[}’0+3)’1 + 3y, +y3 ] Eh[Y3+3Y4 + 3ys + Y6 ]+3§h[}’6+3)’7+3)’8+}’9 ]

3
oot Eh [Yn—3 +3Yn-—2 +3Yn-1+ ]

f;0+3h

Xot+nh
Ly dx = tho ) 300+, + Yt sy, Ayt ]

+ 2[y3+y6 +Yy +o Y, 5 ]

® Fuifea feT=M (Definite integral) Heuic- HRUAITS! R <fiF a1 | (Simpsons three — eight
rule) WU 3w S,
Tisad 3areul (Solved Examples)

IEIEI1 4.7 : Walt feciedT SfCURMT HeaHI-S! R i sadT o™ araRT, $for [0, 3] A1 id_rer 7
T SUSIRTATd faUTfoTd e,

fomdx
W A 1= f)—dx
y= f(x —: a=0 3AMb =3 ,n=6, 3AHADGS 7 3sc 3]
_ 30 _1_
h= = > =05
X 0 0.5 1 1.5 2 2.5 3
y 1 0.6667 0.5 0.4 | 03333 | 0.2857 | 0.25
Yo V1 V2 V3 Va Vs Ve
o= i 31rdar (g,

b 3h
L= [ yde="[0o+y)+ 301 +y2+ s+ ¥s...) +2(y3+ 6 + g ..) ]
3h
= SL0o+ye) + 30 +y, +ya+ys)+2(y3) ]
- 3“’5)[(1+025)+ 3(0.6667 + 0.5 + 0.3333 + 0.2857 ) + 2(0.4) |
3(‘;5) [ (1.25) + 3(1.7857) + 2(0.4) ]
= 2[7.4071)]

15
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11.11065
8

Jomdx = 13888

Ry 9 srraar e aue feden Sfed=md ged 1.3888 3l
IEIERT 4.8: faeied ST TUR, Wieldd ddATd desa (1) S0 ATt Yalferd araqH f(t)) @ G4 fddd 3ied

Time 1 (2 |3 |4 |5 |6 |7
Temperature | 81 | 75 | 80 | 83 | 78 | 70 | 60

feeiea SfeURH =1 FeaaTurTdt REug 9 Siréar aruRT 499 9oy, f17f(t)dt
SW: oS 1= [ f(o)dt
7-1

a=1, b=7 n= number of interval =6 & h= 6; =

=1

oo

dc5 (Time) 1[2]3] 4 5 6 7
dIYHT (Temperature) 817580 | 83 78 | 70 60
b |4 | & 3| &y ls 43

o= i 31raar fAam,
[ f®de = 2t +t) + 3t +ty +ty+tg )+ 2(ts + 6 + 25 ..) ]
[ fmde = 2t +te) + 30t + by + by + t5) + 2(t3) ]

= [ (81+60)+ 3(75+80+78+70) +2(83)]

= %[(141)+ 909 + 166 ]
- 2[1216]
3648

8
[ f®dt =456
R i siraar e aroes fededn SfedRMd g 456 3l

WIS} ITex0
a) el faetean FuiRd e feamm=iTdt R o e s aroRT, 3for [0,6] 31 SiaRTel I
6 SUSIARTA faHTTRTd v Jy —=dx
b) WTeh foatean HuiRa fevRm=a TEHTIATETST R <t SffaaT e AT, 3i1for [0, = 1 AT Sfarra §HH
8 SUS{RTAATA faHTISId . JEVsinx + cosx dx
References:
1. Higher Engineering Mathematics by H. K. Dass, Er. Rajnish Verma [S. Ch3{Tfor Technical, ISBN:
9788121938907]
2. Higher Engineering Mathematics by Grewal B. S. [Tata McGraw Hill Education, New Delhi, ISBN
:9789386173522]
3. Engineering Mathematics by A. C. Shrivastava, P. K. Shrivastava [PHI Learning, New Delhi,
ISBN:9788120342934]
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gfe-s
fafrer wnfi uisaw
(Linear Programming Problems)

fawg fAre=it (Course Outcome):
COS5: T I (Optimal solution) YT HIUITHTS! TR TR UlsaH(LPP) Tahed=T AR He.
Yo Aot (Theory Learning outcome):
1. fece 9 faf R Uit e distd S uiar R,
2. Mfthdhd gl (Graphical Method) aT0R &e+ IR URITENT UisciHe STPHE HIGRM (Optimal solution)

MY,
3. FyTie Uil (Simplex Method) ATOR & folf=aR U Ulscide SAIfPH FIARM (Optimal solution)

M.
5.1 9= (Introduction):
forfoR Ui Ufscid (Linear Programming Problem) BT SToRer=g R Ue faRy UsR 3. SIaee=y R
B U URA UGd 3115, Sff IRAidd SiaTde S fFRIBRUT SRUaRIT! aroRet offd. § STl Jardd
o SvaraTet Hed R, A IR G T 3R

1. fAufg I - (Decision Variables)

2. 3P P - (Objective Function)

3. WM &4 - (Linear Constraints / Inequalities)

4. HiA-7eeg §49 - (Non-negative Constraints)
YA, 3Muedre fAufg 9 forgrd SRidTd, g U 31E8 &1 o dleard fhar S HRad e/d. R ®urs
WG YT O, SaHe ERwl ditie duRiidien SHERT $&dl, S faeedn e fdbar sfavddmdi=an
TeHfd e, 3for 9 WU A-Aifees sumTaT I, fafer TRt fafdy Saimed aRe S, S & awny,
fo<ia, fauum, TrRatera S ot greT. fofaR IifERT tisd FRIHRUT HRUgrITa Jad ArHadgl ol

1) UMfthehdl Ugd (Graphical method)
2) i@ g&d (Simplex method)
UMb dl T &l ToT-1R W THie PRI Hruard! Taid ayd IGd 31Tg, SATgR ST Faidd AIgRH
(Optimal Solution) TN, T TG, AU U IRAMQGD ST THT O AISaHeE TR B
. < G I SR ot TR Jeiard arRel S,
5.1.2 forfraR URITERT isaat gayd URYUTST (LPP)( Basic definitions)
1 . fofa =e (Decision Variables):
S Id Iy H1afd (objective function) T fGuard, @i fAufa I (Decision variables) UK. fufg ael At
- ged v, st\?m d T o T TS 3Y1d ANTANd. § o 9d &H%Fr S UG Jod Als ]
B?mq:r(solunon) MY T, S 3T 1 HHTd fhar fHaM Fal ois; o, Avfa o Im=ad xy, xo,
. xn. A CRIaQ STTaTd § Fafa e sufasfia sy wredrd. Fifd aa @ sryara saie Jea fofa gom=aten

ﬁuawm&rﬂ?r. Jfasied Id 1 Srard e Jed fAAA0md 9.
2. Bﬁ? Caui (Objective Function):
IS B, § SO (ST fdhaT fbHT) ol oiTd, T IR BRI (Objective Function) U, 3P wrafd
g giie ST TR fdhaT Tai UM 3RI01 STaRI® 8. d z - aRiad oiid. 3fey ®1 Jieid YdbR ad
Waﬁﬂ:

$ATd fdbar [ z (Max zorminz)=ci x1 +c2 X2+ ... + cn Xn
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3. 4 (Constraints Inequalities): ¢ g Ul TaiaR Agarel AATal ST, o Heal aega

JUASITAT GEHId S T
anxitanx2t ... .. oo oot aman(S,=,2) by
anxitanxa+................ T amxn(<, =,>)b2
AmiX1+amxo+ ... oo oo Lt G <, =, > bm

4. A-Nfeg 49 (Non negative constraint) : xi, x2,x3... xn >0.
5.2 3T WU FHRHY (LPP) =T (Formation of Linear Programming Problems (LPP):
faf R URIET Uisd (LPP) AT WU aRdfde Sdid IR T T Aleade Uidid ®Rul,
WYY Iy B, seq 3nfor Ar- AN SeTer THIA SRId). Wielt LPP dUR SR U IRUTEG Ufshar faet
3T
oo wifiT wistw wifordta == (Mathematical Formulation of Linear Programming Problems):
TROT 1: fofa =@ (Decision Variables): TR aRU1 iU TRTT S UHIU! 3XA0T 3R d Sia9u). § 9d U
SIS ST, THOH x, 3O x, B I SATGTeAT Uil TS Ufafifii sard (Fofa g siieswn).)
TR 2: I R (Objective Function): THRTET ST SHDHZS HRITT T8 d 34T, HH (SSIEIUMY, T
fohar fora (Sererond, W), IfEF Hrd fAufg Tai=n Yt aHier U fomT,

FHATd fdar fbml= 2 ( Maximize(minimize) Z = cyx; + Xy 4+ + oy,
Y Z B IRF @R oM MM ¢y, ¢y | ..., ¢, B UMD TR (Iarexond, U gie w1 fdhar ufa give T ).
BgUrd 3y ST fofa T weurd saad &,
TROT 3: §Y (Constraints): §&= g1 F0fa T@i=t (decision variables) UresTaaTea Hatel fdval semTT ATe &,
S YO SRR fdhal THie T urd fafge ST,

anxitanx2t ... ... .o oot aidn(S,=,>) by
@ix1+tanx2+......... oo oo T amxn(S, =, >)b2
amixi1 + amaxz + . . amnxn <, =, 2 bm

B, 3y e sﬁi@msgr ao—{uumm"r HaTH amé?m ST aE B
TR 4: AF-feE g9 (Non-negative Constraints): q-ATifes duq forg.
x1=20x,___ =xn =0
TRT 5: Forforam aifei uiscq (LPP) XI-T(Formation of linear programming problem (LPP) model):
Qrqet, Tquf frfaR T Uisid (LPP ) @1 €SS ( standard ) 0T g,

Maximize(Minimize) z=c1x1+ c2Xx2 + ... + Cn Xn
Subject to the constraints,
A11X1 + A12X2 + oo v e e AXn(S, =, 2) b1
aA21X1 + A22X2 + e vee v e e+ @2nX0(S, =, 2)b2
Am1X1 + Am2X2 + o v v e e o+ AmnXn S, =, 2 bm
X1, , X2, , x3.. xn 20.
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AT Ble! AR TR Uiectd Il 38R0l TS dH (LPP) Xa-1 HRN Sl § Rida.

TAISAA IS8T (Solved Examples) [formation of LPP]

ISTERT 5.1: G TR A 3TIOT B TR SIehH 150 T STIOT 200 FUA HHTGATT. A TN 6 < STIOT 4
Yoo g real, av B a3 10 1S 3101 4 Yo R vl fram 60 IéH 3for 32 U auR SHrugraradt
PTHTET W fHHT HRUARIS! fafaR T uisy TR .

IR foare Afect RO W=urd faeh o, 2.

TR ( Tailor) A B M Sa=gehdr
fRrqur (stitc Minimum
requirement

TC (Shirts) 6 10 60
Uy (Pants) 4 04 32
Hfe 3 (Earning per day) Rs. 150 Rs. 200

=T 1: fofa =9a (Decision Variables): THST SR A 8T x fGa9 & &d 311 SR B 81y fad & &,
TROT 2: IfET B (Objective Function): TER A &7 x fGaqiTat SR W@ Rs. 150 31 AU SR B =T y
feauiardl @ Rs. 200 318, TTR A 30T B 1 HTH HRUITAT THUI ARl G
Rs. (150X + 200y) , ¥HT Z § fHAM(Minimum) TSR W4 38,
fba(Minimize) Z = 150x + 200y
TROT 3: §¢H (Constraints):
i) fdAM (minimum ) TIRTHAT 60 371G
R A BT T feaxt 6 T Riad WUH <eR A BT x fa=it 6x =€ fRrae.
TR B BT UaHT feavft 10 =1 RRiadl WUA ¢eR B 87 y fea=f 10y =€ Raa
U TYH IC d §¢ (constraint) 6x + 10y > 60 3Tg.
(ii) Uedl fpmm siazgerar 32 3R,
TR A 81 THT feazh 4 de Riadt, WUH SR A 81 x fazft 4x de fRaa.
WB@WW4&EW,,WWB€WWW%W.
TEUH X Ucd g4 (constraint) 4x + 4y >32 3§ .
TR 4: ATF-7Ie® §8 (Non-negative Constraints):
x >0 3 y > 0
TR0 5: forfraR Ui uisaw (LPP) AT (Formation of linear programming problem),
Traet, guf fafaR UiiEeT HisH (LPP) )8 s W uld Wi UeR g
f&HM (Minimize) Z  150x + 200y
SYATAT 3 (Subject to the constraints) :
6x + 10y > 60
4 + 4y > 32
x =0 3f0r y >0
ISV 5.2; TS AT GF UHRA A M, 30T M, TR &Rdl, Td® M; USRI Alsadl 4 I G807
(Grinding) 30T 2 T UIfAIRATAT (Polishing) ARTAT, TR U M, USRI AlSadl 2 R UNUT 37107 5 a9
gifeIRivTe arTara. ASas 2 g ST 3 UIiRR 3Ted. Tdid gud ThT STEdsdrd 40 AN TH SRl STl
YD UITAIRR TehT SMEASATA 60 TR HTH HRal. Aled My aR T 3 $UY 3Tg IO Aled M, aR T 4 ¥ 375,
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S DTel TR B STd o STSIRId fdeha ST, fATar & Sde efde alel Ale@H e HY g1ey BR1d Wolh e
dl Ul 3Tdaedrd HHT (Maximum profit) T%T &g avd.
IR: fe el mifgdt gt weurd fech ors wa

9 (Machine) Alsd(Model My) | ATS@(Model M,) | BT HATGT (Limit OF Machine)
‘a‘SfUT(Grinding) 4 2 2x 40 =80
UifeIlRiT(Polishing) 2 5 3x60 =180
T (Profit) Rs 3.00 Rs4.00

TROT 1: f0RT e (Decision Variables): THST x 30Ty § M, TT0T M, Ao =T gHeed!
AT 3R,
TROT 2: SfE® BT (Objective Function): M; ATSTAR T 3 TTY 318 HTTOT M, AlSAAR %I 4
I 3MTg, M, HTSd SO M, ATS el THUT AT 3x + 4y 3HTg. HTTTAT THT HHTS (maximum)
DRI 3T, - AT (Maximize) z =3x + 4y
TROT 3: §YA (Constraints):
i) g1 §¢9 (Grinding constraint); T TSIl ThT TadSdTd 40 drd
IUA TR, T g 3HTed, Tes FHfdT S SR SR 2 x 80 = 80 AT THUMHTS! 3HTed.
TSR My, @ 4 A OS01 AT 31T M, T 2 o1 G801 Tel). B90T §ie (constraint) 3/ fad
3Te: 4x + 2y <80
i) TR §€9 (Polishing constraint): T UIIRRAT UehT 33dSdTd 60 AN U 31Tgd,
< OTfeRR SM1ed, TS ATl 8 ST SIRd 3 X 60 = 180 A UITCIRITRITS! SUsY 3.
IR M, @1 2 o OifeIfReT @t 3nfdr M, @ 5 ary aifefRiT arma
Ui deq 3 fael 3flg: 2 + 5y < 180
TRT 4: AT9-ATeE F¢4 (Non-negative Constraints):  x > 0 301 y > 0
TR 5: frferaR Wi wisew (LPP) Id-T(Formation of linear programming problem)
Traet, guf fafar IifERT tisd (LPP) ¥ 88 Wa=uId Wrdid UhR g .
P HIA (Maximiz) Z =3x+4y
SY-TAT 3 (Subject to the constraints)
4x + 2y < 80
2x + by < 180
x >0 3 y > 0
ISTETU 5.3: U SIS a7 aF se<al Tdr L0 TR TR 3R, Saes i 15 gfe aiew, 20 gfHe
1Sce 30T 24 e Bidhe fHdia. 58 A § 3 e Uied, 1 gFHe Asee, 3 e HIhe UM oRd. S B §
1 gf¥e UIew, 5 gfe A1gee 3M1fdT 2 gfe thidhe UeM HRd. 518 A § Rs. 120 Ufd e Td &d ST 5 B §
Rs. 60 U gf+1e W& & @WWHTWWWW(L.RB) TEUH FUTaRUT .
IR el Arfed IRoft Weurg i 9ires 2iahd

58 v gfe (1 per Unit) | Tfd e (1T per unit) AT ATl
qr ( Content Minimum Requirement
GIexT ( Potash) 3 1 15
13¢T (Nitrate) 1 5 20
Bidhe (Phosphate) 3 2 24
THU T (Total cost) Rs. 120 Rs.60
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T 2 3 THre0a T o8 . of x T SIS A 3M1fUT y e 58 B Tdhd He daR ol 311G

TRUT 1: fofa & (Decision Variables): TS x § 1 g IS AT Wd 38 My § 1 g e
B d Wd 33 .

W07 2: SF BT (Objective Function): 58 A T 1 AT Rs. 120 T H3a 3T 8 B & 1 gAe Rs. 60 T
HRd. THUT /&H Minimize) Td 120 x + 60 y 318, YT Td HH! (minimize) HRITAT 318
/&4 Minimiz) Z =120x+60y

TRT 3: §¢M (Constraints):

i.  UICI §e (Constraint of potash)- 518 A @ 1 ge 9 3 gfc Ulex UaH oxd, 818 B © 1 gfHed 1 e
TICR UG . YT GdredT §g9- fBH 15 e aieeT U HRul a3,
UexE e 3x+y >15 © 3.
ii. Igccd &Y (Constraint of Nitrate)- §€ A 9 1 gfcd 1 gMAc ASce UGH &Rd, 56 B 9 1 cd 5
gfe A1gCe U™ HRd. Ul WdredT skgq- fhHT 20 AT Agee UG S0 3a=ad 38
I8¢ed §¢F x+5y > 20 B 3.
iii. Ihed YT (Constraint of phosphate) - §SAT1 gﬁ?ﬁ 3 gﬁ? IR C UGH Oheel, ssBd1 gﬁ?ﬁr 2
e BIRbe USM HRd. U0 Wil S§gu [T 24 e hiehe U SRl TaRad TR
BIbcd §UT  3x + 2y > 24 § 3%
TROT 4: 497 §4 (Non-negative Constraints):
x >0 3 y > o0
TRUT 5; forHoR Ui disiH (LPP) Xd-I(Formation of linear programming problem) ,
g, go fafaR ORI Uistd (LPP) TS WReUTd WTdid UHhR forg
/& Minimiz) Z = 120x + 60y
ST 3 (Subject to the constraints)
3x +y=>15
x+5y > 20
3x +2y =24
x =0, yv =0

TRIATHTST ISTEXur (Example for practice)

1. U HUAT GH USRI Wesudid! A 30T B A0 R, UHR A @ e Wt Hicmamadt 2 e sfor
afeiardt 1 ffAe arTd. UPR B ° Ud® Watl dicama! 3 e onfir siafemardt 4 ffAe anmdra.
HICTHIST 3 T IUAY gl ST SHSHTHIST 2 A JUTY 3Tl UbR A T WS fddhedTaR hU=ilal Rs.
10 -7 fHesdl S0 YR B AT WSUITAR Rs. 20 T {Hosdl. ThT HHTT HRUIMIS! fefaR Ui Ulsad
(L.P.P.) TR .

2. THT YaHATHS 10 TH STHH 3MTg. o T8 ST J1eh (FIP ) 34, T, T Udd THRIAR $200 B
fhresdl, SMfoT STcifem Udie THRIAR $300 0T ). JdH-aTe 12 ARITUET SR 49 |9 Hdl JUIR 81,
ST g Ueh USRS 1 A ST Seii<al Ui THRS! 2 A 48 ANTAId. Jddb=a A% HHT
HRUGTTS! S R a1y FHRia! a1 gHie A aR Ui s el (L.P.P.) FOidRd &3,

3. TP U0 SUT GF UHR ey A 301 B A0 x4, ST UYH WUIET (foundry HREMT A Uicha
WW@(Maohine shop) e T ARTITS Uread SITdTd. A 301 B =1 SATGANTS! Ydd AaHe
ARTOTR H SHTa¥ 30T HU-RTST ey BT SHTad areiiet JHT0! 315
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T\@E(Gadgets) U'?K"I_pr(F oundry) | HRIM QT (Machine Shop)
A 10 5
B 6 4
U 4 (dTH) Time Available(Hour) 60 35

A AT fADIaR 9T Rs. 30 31T 30T B =T fashlar T Rs. 20 Ufd T 318, AT HHT SRS T GH-TD
IR URIET WisHH el (L.P.P) =UidRd BRI, L.P.P, TR B,
5.3ff R URITT Uieaw Hisquardt ugd (@ SRuawHdta g aHie):
(Method of solving Linear Programming Problems (Two equations in two variables):
forfaR T ufsdd (L.P.P.) WIGRA (solution) TYTARTS! S Ul 3R,
1. Uifthbd U&d(Graphical method)
2. R uga (Simplex method)
5.3.1 ferfara wrifiRT uiew weftra situarie afvwurar (Formal definitions related to L.P.P.)
1. fafraR WA uisdw (LPP) © |IGRM ( Solution of L.P.P.): 0/ 9 x,, x,, ..., x,, A< Jedral
TH e, ol feaen fafaR ariiT discd=a 3iét gqul rdl, Tal < TR AIGRM (Solution) FTEUTA.
2. ffoTaa FGRA (Feasible solution) ; T& TIARM ( solution) S fadiedT S&HMT (constraint) 0T HRd,
1T fhfoTae TR BUrdrd.
3. SIPHA G (Optimal solution): TH S ATDHAT WG I BMETT (Objective function)
JTAIHATHR SIRcild SR fdval st ll, ATeT ST AR 3 BUrdrd.
4. fpforea ﬁTrF-[(PaEI)(F easible region) : fafoR IR isy (L.P.P. )y=AT Id H‘LFI"Fﬁ(constraints )
Bxaciar &y fhioiad RS ( region) 3 WU
5. ST$HUSS f¥S (Bounded region) IR U UisiH (L.P.p.) AT U WIARM (solution) S S
3 3 A SITd, SR o o §g s &ﬂfﬁ[ﬂmm (objevtive function) TS Haifed
e qg fBresd. a1 STadid S §e 3fTed of fAuig g (decigion varaibles) Hcd TYifed Hxard,
ST Je-] BT AT a1g fdhar B 813, Xevd el
6. ETHUSS R (Unbounded region) : faf R Ui uisciH (L.P.P) 13t U e (solution) S
3FATSHUST 31, 3 AFS Old, SR I1ed & (Feasible region) fFHM Tt faRM sramadd fawayd
B 3T, S & BT (objective function) SFIRTY0! aTg fhaT Bl B b, AT 31 31T 318
P A AL (Feasible region I FHaTS! (objective function) DIVATE! FUifed SRt SIRd
fohar it Yoo AT
“» ﬁl@'ﬁl’ (Theorem): foITR U Uisid (L.P.P). o1 I o] (objective function) =T ez
HU (optimal solution) (ﬁ')_d'[ SRt SR fdban o) forar Tt PIUATR H@ad. § Hee aieri-
(curve polygon) RIGId WU 3fleswd Srd.
T, 3IT fGaiedT SE- B (objevtive function) z = ax + by T U1 &FATHE (fesible region) SR SIRA
fohar St TR 3G, W &F (feasible region) B U Pog & 3R O TRos YT+ &G bl 3R, SR HIUIdg! I
B z = ax + by, T EAA FTa! fSgaR ST SR Bl 3, R al fog UIferI=ar HIURT SR,
8 ax + by = ¢ ¥ XWI¢H YU bl SIS, Wb,
QTR 5.4: WTei faetelt SEHTAT ATflrevel! gradT:
(i)x <3 (i) y=> -2
SWR: faaei W x=3, X-Y IH-a98=Td (x-y plain) PIg .
mWy=—2 , X —Ywm(x—yplain)m .
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YA X<3 4
3t e—— YA
21 < 2
1(_ 1
e hax <'1f)1 2 34x
| i
] 3 1

A\ 4 N

i feoel XM 2x -3y > —6
IR e YW 2x — 3y > —6 , X - Y GHGIERATT (x-y plain) Plg ATITa! feeiedr THidmuNd
X=0,Y=0 TIH ,3Ural A
2(0)-3(0)> —6
0 > —6 T 38 ( true)
o WX 3R, WU fbforaa Re SfifkfSFmm(origin) =1 =9 3R .

X Y Point
0 2 (0,2)
-3 0 (-3,0)

L] (Note) _ SR IR 3¢ @It 3 ¥d, R fhioad e siifsean (origin) =1 fdog fa=H 8mg
Tifthd Usd (Graphical method) :

TU-1 (Step-1) : T ST THBIUIHE FUAR B (covert all inequalities in to equalities)
TWU-2 (Step-2) : X - Y THGTEHATT X H1aT,

1. X-3e4P (x-intercept) 3for y—%f?@'g (y-intercept) YT T WIS x=0 fGctedn SO x = 0 THT
ATy AT BT, TBT y=0 TP x d G BIGT, ATl (0,) MO (b,0) AT bR faig
fPreaditel .

2. 1 g1 UTheR wile 1 STO1 T (line) PTeT.

wY-3 (Step-3) : deMigR FeRid fhfoaa Rem (Feasible region) oXdI. ERIENEE] T & 3Tg.
wU-4 (Step-4) : EAEERANSE] (Feasible region )%rﬁna?%gaﬁw.
®Y-5 (Step-5) : TS RS (Feasible region ) PRI ﬂéﬁl@?%@ﬂ?m Eap (objective
function) z el g M,
Tisad 38l (Solved Examples)
QTR 5.5: Wieilel faeted faR Ui Uistd Tfthehe Uil el SUANT e Hieal,
P HIA ( Maximize) z = 9x + 13y
ST 37EfH ( subject to constraint )
2x + 3y <18
2x + y <10,
x=>0,y=>0
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SW:-

@'q-'l(Step-l): T4 SAFAHT UG TR B

(convert all inequalities in to equalities )

2x + 3y = 18,
2x +y =10
TWU-2(Step-2):
i) faeielt I 2x + 3y = 18 X-Y GH-TIEHATd HY HIEUIMIST IR fdgahigT U,
X y fag (Point) &4 (Region)
0 (0,6) SINEECIRENE ISR
9 0 9,0) (Origin side)

ii) faatell I 2x + y = 10 X-Y GH-GUEAT HIGUINST WAkl foig Bigd o3,

(0, 6) 30T (9, 0) TIEAT TTSURY IWI(Line) X-Y THGALHT Hlg .

X y ﬁ@ (Point) & (Region)
0 10 (0,10) RIS 3= e
5 0 (5,0) (Origin side)

(0, 10) 3TOT (5, 0) TSEAT SHSURT IWI(Line) X-Y TH-GIEHTT Plg.
dUd, x > 0, y > 0 ¥ aRifAd 1 e Je Yooy [-qiepTd SR,
S AT @6 fdg( Intersection point) B HTGUIRITS! GIH XN FHIBRUTT 30T
@3@, AUl x =3 3Ifor y=4 e, B @3 ﬁ@( Intersection point) B(3, 4).
wU-3 (Step-3):a;m(constraints)ﬁi%lﬁ o ﬁﬁa@aﬁ(Feasible region) (T PIETAN Plg

'\Y
10

x o =1 (2.0) XX >

+- \xlﬂzl o
TWU-4(Step-4): TBRIEA RS (Feasible region) 8 Bifdd deidl &4 O A B C O 31Tg, S R & 3715 301
A RER f6g 0(0, 0), A5, 0), B(3, 4), C(0, 6) 3Ted
@'q-S(Step-4): i foTae RS (Feasible region ) A BSERAEIRCR %I'g'@l? IEY I (objective function) z El
T @il feeiedn <o U o1g.

AHAEAR (Feasible region) RRaR f§
Vertex of common fegion(x, y)ﬁg z A, Z=9x+ 13y at(x,y)
0(0,0) Z=9(0)+ 13(0) =0
A(5,0) Z=9(5) + 13(0) = 45
7=9(3)+ 13(4) =79
BG4 PATd fbTd( maximum  value)
C(0,6) 7Z=9(0) + 13(6) =78
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2TAaE, Z 3 T B g 79 3R, HHA g foig B (3, 4) I BN, WUS ST x = 3 30Ty =4, degl
Z S, g 79 3MTg TGUIoI, MU P AegRH fog B(3, 4) T 31T M1 Z T HH T 79 378,
SETERUI 5.6: WA faraiel AR URITHT Uise Mfthod U ol ST $ee Hisdl
P HC (Maximize) z=5x + 2y
SYATAT A (subject to constraint)
5x + y =10,
X+ y=6,
x=0,y=>0.
@'q-l(Step-l): T4 ST TGOS FUTaR B (covert all inequalities in to equalities)
Sx+ y=10 30T x + y = 6.

@H—Z(Step-Z):
i) feeell W 5x + y = 10, X-Y H-TIEHATd 7 DHIGUINIST WA fig PIgd U
X y ﬁg (Point ) & (Region)
0 10 (0,10) SRS faeg foRm o
2 0 (2,0) (Non-Origin side )

(0, 10) 30T (2, 0) fefid W(line) , X-Y THGUEATT BTG .
i) foaielt X9, x + y = 6. X-Y GHGUEAT Y HIGUANIS! VR fdg PIgd US .
X

y m (Point ) & (Region)
6 (0,6) i favs farM
6 0 (6,0) 3 (Non-Origin side )

(0, 6) 3TN (6, 0) FIEAT HISUME XM X-Y THTEATT PTG

a4, x >0, y=>0 %Eﬁﬁﬁﬁmﬁfw IE@W 3. aﬁ%&w@ﬂﬁg (Intersection point)

B $IGUINIS! GIF YT JHIGRUMAT 00 Teq, AUl x = 1 30y = 5 Aesd, WA &ad foig
(Intersection point) B(1, 5).

@'q-S(Step—3): CHEEARN (constraints) Hﬁlﬁ FHoedT ArHAaTS (Feasible region) ¥4 PIETAN Plg.

'X“Y
10 @(0.10)

(o}&-

Sat—10

-

5] X’ 5 \ = X

.

RU-4(Step-4): TR RS (Feasible region) & BTifhd daid & AB C NRRF= fovg 2R 9,
S QT & 318 MU A RRR fig A6, 0), B(1,5), C(0,10) 3MTed

@'q-S(Step-S): fihfSrad e (Feasible region ) Tefid 94 RraR %IW AL g (objective function ) z el
T @l feded ead 7 olg.
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ArdaeT R foig JE F 2 d T
Vertex of common region(X, y) (Value of Z=9x+ 13y at(x,y)
A (6,0) Z=5(6)+2(0)=30
B (1,5) Z=51)+2(5)=15
M fbad (Minimum value)
C (0,10) Z=5(0)+2(10)=20

qdae, Z d fhdM 9 (Minimum value) 15 3715, f6AM Jed fog B (1, 5) I Bid, TUISId, SiegT x = 1 31f01
y =5. AT Z o fbAM Hed 15 318 TUIS HTuel oA Hieg=H fig B(1, 5) Y 3Me 3101 2 ° fbwe e
15 3Tg.
IEIEIUN 5.7: WIAd faaral for—aR TR Hised Uftherd UG al SUANT e S,
D HIA ( Maximize) z = 3x + 4y
ST 3 ( subject to constraint )
x—y=0,
-x + 3y <3
x=20,y=>0

3TN
TYU-1(Step-1): Td STAMIT FHBUMTHE TR B (covert all inequalities in to equal)
x—y= 030 —x + 3y=3

@'q-Z(Step—Z):
HiEAT Wx —y = 0,X-Y GH-IIEA A HIGUIMIS! WaRd fog Hig o3,
X Y fag (Point ) & (Region)
0 0 (0,0) On a side
1 1 (1,1)

(0, 0) 3TTOT (1,1 ) TSEAT STSUIRY I X-Y TH-GIEATd g
i) fadel X x + 3y =3, X-Y E-99&4d 0 SNl Wasid fdg ®igd 93

X Y fdg (Point ) &7 (Region)
0 1 (0,1) Origin side of line
3 0 (3,0)

(0, 1) 31O (1,0 ) TSEAT SISUMRY T X-Y TH-G9&ATd Hig
T, x >0, y> 0 g aRiad &I Aeg=H Ye goiuu! [-agddTd sl
@'q-3(Step-3): FYGR (constraints) ?ﬁﬁ P AHaeER (Feasible region) &I THGR Plg

Maharashtra State Board of Technical Education 105



Hdfes vk w=ii= @ffm-314320 Mathematics for Machine Learning -314320

YHAYH, ST {3 & AHasmifdd (Feasible region) & U JaH & o 3F-9G Mg (UTaRT-
). 31RIT UHRUMHE, SENI-UiTthe XN (Line) 3Fadmieradd SRRFURE gaddr ddrd. aH &= 3i1d z
o DIUldel Y HATT (Maximize) T a1
TRIGTATST IGTEXor (Example for practice)
Q Tl feaial forfar UifEiT Ul Ut Ugaial SUTNT e rsal.
a) PHIIT ( Maximize) z = 11x + 8y
Sy 3 (subject to constraint):
x < 4,
y <6,
x + y<6,
x=20,y=0.

b) HHIA ( Maximize) z = 3x + 5y
ST A (subject to constraint):
x + 4y < 24,
3x+y<2,
x>0, y=0

¢) foae (Maximize) z = 7x + y
ST U (subject to constraint):
x + 4y < 24,
3x+y <2,
x=0, y=0
5.3.2 RIT®T Ud (Simplex method)
Rt ydi=i wafa w18t g&1 Jweu:
WP RRTTE (Slack Variable) : Wb INTCITR 7 < AT ST THBROTT FURT PRUGRTE! o Sed
NIGIG)

RESIOE X, +%, <5 2 x,+x+s =5 YU 5, WD QRITA 3Tg.

TR RTCITTH (Surplus Variable) : TR RUSeH > T ST GHGRUN SUIRd HRUAMEES d Sied
ST

Jeund: x;+x, =5 = x+x—s5,=5 Y ST WY FRITA 3Tg.
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ardfipRisrer @R Taed (Artificial Variables) : 3eTbRIse RN & > (A o) fbar = (GHmM)
R srTciedr SeFe HHH }RUTE IRed T ArTdTd. Rided Ugd & fafar TRt tiss FRieRor
BRGNS T SHAd ABIUI Ugd 8. & T YARIgNil UhaT 3MTg. St gaH Hf¥waq gae™ Hasauarrst
IR ST, 1 Ugdid, T GRUTad! 9 FRaR dgdd, Siiide- 31y harHdra! (objective function)
TRT 1: g4 (Constraints) WSS FUd FUTdRT HI.
SR 3EIF HaRH (objective function) HH! HRUATH (minimization) 3, TR d -1 7 TSR H=A B
(maximization) T FUiaRd B
o SHMA §eH (< fdhdl >) IR FUiaRd &1, N3 Wid oRUE fhal TR Ruae
el
o < FYIIIS! Wih BNTTH (+8) (AR 7 Haidd T SS).
o >SS! TR BRTTHA (-S) (SN TH1eH Hled)
o WWWWWWWGM (equality constraint) 3, TR B q>I?IJ-I SRS
el
TRT 2: WRIUS Riwied ¢ad aarR &1 (Construct the Initial Simplex Table):
. BﬁgW@bjective function) 3{TfoT §Y[HI(constraint) CRESCIGANEE
ufed Cael Gaiel TSt JHTAR S,
1) C; — JEI¥ BRI T (cost of objective function)
2)B.V.- H@%ﬁ@ﬂ (Main variables )
3)CB;- LY haRHdl 3 GRSl §d
4) Z;- IEIY Y YD eRUSe TRU AN Z; = Y(CB; * x;;)
<R[ 3: Tﬁﬁ H"-RTQT'ﬂ |arét HBI Ych SEr :( Identify the Key Elements for the Next Iteration)
1. Yd% HRURT B RUSA (Entering variable) (Pivot Column) 3XdT
o Z j-C_j i aid ThRIe® oo el (e Jedidh )
o IR TIUTAT fUae Siad (Pivot Column) g S,
2. WIgH SIUIRT @ RTSA (Leaving variable) (Pivot Row) 3.
o fUegie Hiae=ar geaiRl ((RHS / Heifdid sl Jed) MR (ratio) TOMT BRI,
o fHaM AHRIES T ONR ATt
o TTIER IFE fURTe I (Pivot Row) T8ed STTd T AT e RUSd Sgael oisd.
3. fUIc gcdh 3T (Determine the Pivot Element)
fUcgle 3T 3n1ftr fUcgie iy afe Siar Ut fUgle Ue® (Pivot Element) B14.
TRT 4: ST ST DIUARITST Uit TR B (Perform Row Operations to Update the Table):
. fUcgic gem 1| B (fUgie X fUae e yET ).
o ORI Hiaaqdid SR T4 gch LA BRI Uil SUIIR AT B,
TROT 5: SATGRIAATS ! TURAT (Check for Optimality)
o WRZj-CiIATTIGR >0 (positive ) I, TR R Wi dlsaw HfpHa TR SR,
o SR PHIUE! THRIAD Hed IR ATgd, IR HTPAT AR U BIsudd TR 3, 4 30T 5 TRIGT BRI
TRUT 6: JHTLTATH ST BT (Interpret the solution)
. Tor INTTR 3107 I Feifdd g RuS Piarae foel ST, 3 eifpaa Sigeran.
. 1 THTER Je1¥ BaRd (objecrtive function) Hed ? 3fex HU (Optiomal solution) 3.
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RivvT ugdidie fa=iv gs<ot (Special Cases in Simplex Method):
« 3MATSHUSE TG (Unbounded Solution): SR HIUTe! 9 UG T8¢, TR TIIRH (solution)
IS (3M-9G) 3.
. & fipforaa AR (Infeasible solution): SR HHAH SRTSTH AT YA Acied] Hedi¥g Jgdd,
R I gAY FHIHT g,
o &S (Degeneracy): SR UM fHHAM UK (minimum ratio) UHIAU® I fGUd 3¥d, R
A e §I3, Wb,
 Hfeeud MTPHT YR (Multiple Optimal solutions): SR Zj - Cj = 0 3RIId HIIAG! SHTABINRG
NI 3Rd, TR TP Tt et Sifard 3Ry Wb,
TArsaad I&Tevul (Simplex method)
ISTERU 5.8: Tl feddl AR TRiHT tisd Rivie g Sua e disar
P HI ( Maximize) = 100x; + 80x,
SYATT 37EfH (subject to constraint):
6x, + 4x, <7200,
2x1 +4x2 < 4000
x1 =0, X, =0
IR UM 1 - AU 7S FUTd FUTaR B ( Convert Constraints into standard Form)
SIS ( Maximize) Z = 100x, + 80x, + 0S; + 0S,
ST 37EfH (Subject to constraint) :  6x, + 4x, + S; = 7200
2%, + 4x, + S, = 4000
T 2 - URIFYP RS 299 (Initial Simplex Table) R Ugdd URMY® ¢ dOR HRUIMNIA!,

MU fearedn T 3T fsei=r ST ST ArTar.

CB; CC | 100 ] 80 | 0 | O IW: RHS
B.V X1 Xy S1 S,
0 S 6 4 1 0 7200 %00 =1200
0 S, 2 4 0 1 4000 2000~ 2000
2
Z; 0 0o [0 | o 0
Z, - C 00 | 80 | 0 | ©

1. gfgeit ET-R'I?ﬁﬁ (First Iteration)

T 3: Y 9P Ao@T (Identify the Key Elements)
o  TORI HRUIRT @RUSA (Entering variable) : GaiTAed qaid Fiifee Ted -100 3118 (S x, T Galed 3TR).

QU x; YA Dl
?ﬁf’ﬁ SITUIRT R Esd (Leaving variable): Compute RHS / pivot column values:
o 22=1200 and == 2000

o mﬁjﬂﬂ?ﬁ— 1200, Lsub S: STeR Sl
fUsgic g (Pivot element): 6 (TU&IE WY x, 30T Ul Gakil S, o1 wa foig).

TROT 4: IATAT SATIRIT BT (Perform Row Operations)
R: (TG IAT) — 1/6 Ry (ST ) (TUBIe geeh 1 HRugrTaT)
R (TG XAT) — R, (FF IT) - 2R, (74 ) (UGl TUTdd SaR Ucd 0 HRUTTAT)
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CB; ¢ [ 100 ] 8 [ 0[O0 IR Ratio
B.V X1 Xy Sl SZ
100 X 1 2 [17]o0 1200 1200
3 | 6 2
3
0 Sz 0 8 | -1 1 1600 1600
3 | 3 8
3
Z; 100 | 200 [ 100 [ © 12000
3 | 6
Z -G 0 | —40 [100| O
3 | 6

TROT 5: SATPHA FIGRH (Check Optimal solution)
3T BTa! Zj- Cj < 0 = o3 (negative) 3Med, A AU HPHA IR [T A6,
UM, 3, 4, 5 J81 TN 8T §-RIGRI Hw.,
2. §'\"-|'\Pf Wﬁ?ﬁ (Second Iteration):

TROT 3: YHY YCh SEr (Identify the Key Elements)
o A HRUMRI O%I“%Qdci(Entering variable: UaqTa Faid FAifce Hl is %"0 38 o x, 91 Yefdd 3Te.

UM, x> YA P,
o WIg SIUIRT RUSH: (Leaving variable) RHS/ fUagIe S| T TOMT H:

1600

PRI TOIRR = 600, TV S» TRR SAL.: —5— = 1800 and —g— = 600

fb T TUMRR = 600, TUH S STER T
fUcgIc ued (Pivot element) : g(ﬁ@?{ T x, IO fUegie Udd! S, =1 e fog).
TR 4: AT STURRT BT (Perform Row Operations)
R, (G XAT) — 3/8 R, (F1 ) ((UgIe g 1 HRuaa))
R, (G XAT) — Ry (S M) - (2/3) R: (74 ) (Uegie TUTdid SaR Ucd 0 HRUTNa)

CB; G 100 80 0 0 AN Ratio
BV | x | x | S | S,
100 X1 1 0 1 -1 800
4 | 4
80 %y 0 1 | -1 3 600
8 | 8
Z; 100 80 15 5 128000
Z -G 0 0 | 15 | 5
TR 5: TG TURIT Check Optimal solution):

AT Zj - Cj >0 ( positive ) 3o, TS MU SHPHAT AR A 3118, .
TRT 6: SATTPHSA '\“ﬁw: (Optimal solution) :
3TdT x; = 800, 3l x, = 600 & & Z = 100x; + 80x, AL <T@l
HHTA (Maximum) Z = 100(800)+80(600) =128000
fearet farfeR Ui visid SfffPrd TR x= 128000 38
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SETERUT 5.9: WAl fearet ffoR TRIHT i Riciod U= ST e Arsdl.
HHIT ( Maximize) Z = 6x4 + 8x,
SYTT 3 (subject to constraint):
30x; + 20x, <300
5x4 +10x, <110
X1 = 0, Xy = 0
IW: T 1 - R WS Furd UiaR H: ( Convert Constraints into standard Form)
HHIE ( Maximize) Z = 6x, + 8x, + 0S5; + 0S;
ST T (Subject to constraint) : 30x; + 20x, + S; = 300
5x; + 10x, + S, = 110
TROT 2- URFYP RIS 39 (Initial Simplex Table) RF@eq TG URMAYS e TUR

CB; G 6 8 0 0 3 RHS

B.V X1 X2 S S>
0 S: 30 20 1 0 300 300
20
0 S, 5 10 0 1 110 110
10

Z; 0 0 0 0 0
Zj — C -6 -8 0 0
‘T%?ﬁ ETR'IQ?ﬁ (First Iteration)

T 3: YW 9P 3A1B@T (Identify the Key Elements)
o TOY FRURT KRUSH (Entering variable) : Gaadia qafd FAfee Gea -8 3R o x, 1 Y&fd 313,

U x, AR HRal
. @37[ SITUIRT e RTsd (Leaving variable): Compute RHS / pivot column values:
300 110
o —=15and —=11
20 10

o PUMTUIRR = 11, WUH S, STeR S,
fUagic g ( Pivot element): 10 (fU&gTe WY x, 30T fUcgle Ut S, =1 & fdg).
TR 4: AT STURRI-T T ( Perform Row Operations)
R, (AAF I[T) — 1/10 R, (S ) (gie gew 1 HRuarRIe))
Ry (191 3T) — Ry (ST AT -20R, (76 ) (TUgTe THT SR e 0 HRUArIY)

CB; G 6 8 0 0 I Ratio
B.V X1 X, S1 S,
0 S; 20 0 1 -2 80 80
20
8 X, 1 1 0 1 11 11
- ) T
2
Z; 4 8 0 E 88
10
Zj — G -2 0 0 8
10
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TROT 5: SATPHA FIGIH (Check Optimal solution )

3{TdT BTl Zj- Cj < 0 T & (Negative) 3HTed, TS el ATPHA IR fHesre A6l BUH 3, 4, 5 T
RO T TRl

ﬁﬁgﬂ?‘lﬁ?ﬁ (Second Iteration):

TROT 3: GHY YCh 3eEr (Identify the Key Elements)
e A HIURT %W(Entering variable: Udiada Falq ﬁﬁﬁ% g -2 Gﬂ%‘ S x| @1 Gaferd &ﬂ%
UL, x; TaRI &ll..
o IgH SUIRT GRUSA: (Leaving variable) RHS/ fUgIe SH T TOMT HR:
WW=4,W&WW.:%= 4 and £=22

forHT TUIR = 4 , TUA S, TR Tl 2
fUsgIc g (Pivot element) : 20 (fUcgic Ty x, SO fUegie Ukl Sy o1 we foig).
TR 4: AT STIRRT BT (Perform Row Operations)

Ry (41 [T) — 1/20 Ry (S IT) (UBIC b 1 HRUATIIAY)
R, (TG ) — Ry (ST M) - (1/2) Ry (4 M) (i TR 3aR ged 0 uama))

CB; o 100 80 0 0 IR Ratio

B.V X1 Xy S1 S,

6 X4 1 0 1 -1 4
20 | 10

8 Xy 0 1 -1 3 9
40 | 20

Z 6 8 1] 12 96
10 20
Zj = C 0 0 1] 12
10 20

TROT 5: SATPHSA AIGRM dUTET Check Optimal solution):
AT Zj - Cj >0 ( positive ) 3R, TS MM AP TR fHT 3
TIUT 6: TR HIGRM: (Optimal solution) :
AT x; =4, 30T x, =9 B I Z = 6x; + 8x, GH TIHI
$HATA (Maximum) Z = 6(4)+8 (9) =96 faaial ferf=aR Uit Ulscid 3P TR x = 96 3T,
TRTARITST SETEX0l (Example for Practice)
Q1. Treia feare faf R gt Uistin Ricia UG dian SuanT & AT,
a) P ( Maximize) Z = 3x; + 2x,
ST U (subject to constraint):
X1 +xy < 4,
X1 — X, <2
X1 =20,x,=20
b) HHIA ( Maximize) Z = 80x, + 55x,
ST 3 (subject to constraint):
4x, + 2x, < 40,
2xq +4x, < 32
x1=20,x,=20
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